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Abstract

In this paper, we consider Anderson type operators on a separable
Hilbert space where the random perturbations are finite rank and the
random variables have full support on R. We show that spectral multi-
plicity has a uniform lower bound whenever the lower bound is given on
a set of positive Lebesgue measure on the point spectrum away from the
continuous one. We also show a deep connection between the multiplic-
ity of pure point spectrum and local spectral statistics, in particular we
show that spectral multiplicity higher than one always gives non-Poisson
local statistics in the framework of Minami theory.

In particular for higher rank Anderson models with pure-point spec-
trum, with the randomness having support equal to R, there is a uniform
lower bound on spectral multiplicity and in case this is larger than one
the local statistics is not Poisson.
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1 Introduction

Random operators are an important field of study for various reasons. Over
the years much focus is given to a certain class of random operator like An-
derson tight binding model, continuum random Schrodinger operator, multi-
particle Anderson model and many others. Some of these models were initially
developed to study localization phenomenon and a lot of research is focused
on showing the existence of pure point spectrum and exponentially decaying
Green’s function.
The model considered in this paper is

HY=Hy+ Y w.P,. (1.1)
neN

Typically one takes Hy to be the —A on L*(R%) with possibly a vector potential
or a periodic background potential added and the adjacency operator on £2(Z<)
with {w,} independent random variables with {P,}, a countable collection of
projections. In such a setting there are several questions relating to these
operators that are of interest. In the mid-fifties Anderson [1| proposed that
for large disorder the models on ¢?(Z?) should exhibit localization. Several
rigorous results on localization followed from the early eighties starting with
the work of Frohlich-Spencer 2] who formulated multi scale analysis. Some of
the papers on localization for large disorder are |3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13]
and [14, 15, 16, 17]. For a comprehensive study of the subject we refer to any
of [18, 19, 20, 21, 22| and the references there.

The next set of questions concern the simplicity of the spectrum and in
this direction there are several papers starting from Simon [23], Jaksi¢-Last
[24, 25], Naboko-Nichols-Stolz [26], Mallick [27, 28, 29, 30, 31|. From these set
of papers, we now know that when the rank of P, is one or for some special
cases of higher rank P, the singular spectrum is simple. In the papers [28, 32|,
the authors show that there are non-trivial example of random operators where
the singular spectrum has non-trivial multiplicity.

Another set of questions of interest are the local spectral statistics and or
level spacing of the eigenvalues. The first rigorous work of Molchanov [33] led
later to the Minami Theory [34], which establishes a set of sufficient conditions
for the local spectral statistics to be Poisson. There are several papers on local
spectral statistics on discrete models such as [4, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45]. Dietlein and Elgart showed Minami like estimate and thereby showing
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Poisson local statistics at the spectral edge in case of random Schrédinger
operators in [46]. Their method involves a detailed analysis of the behavior of
clusters of eigenvalues possible in the spectrum.

Minami theory [34] involves looking at the region of complete exponential
localization and prove an inequality now known as the Minami estimate as part
of the proof to show the local statistics is Poisson. It was not clear how crucial
the Minami estimate is for determining the local statistics. Recently Hislop-
Krishna [47], showed that in all the above models exponential localization and
Wegner estimate together imply that the local spectral statistics, whenever it
exists, is always Compound Poisson. The Minami estimate assures us that the
Lévy measure associated with the limiting infinitely divisible distribution has
support at {1} ensuring that the distribution is Poisson. To state differently,
Minami estimate rules out the possibility of the limit points, of an array of
independent random variables that are usually constructed in the problem of
obtaining local statistics, having double points.

The work of Klein-Molchanov [48] showed that in the presence of exponen-
tial localization, Minami estimate implies that the point spectrum is simple
when P, has rank one. The results of the two papers [48] and [47] raise an
interesting question of what the connection between spectral multiplicity and
the Minami estimate could be. Our motivation for this exposition is to address
this question. In this paper we consider general unperturbed operators and
finite rank P, for the case when the distribution of the single site potential has
support equal to R. We have two very surprising results in this paper, the first
is that the spectral multiplicity of pure point spectrum in any set of positive
Lebesgue measure gives a lower bound for the spectral multiplicity everywhere
in the pure point spectrum. The second is that Minami estimate gives a suffi-
cient condition for the simplicity of pure point spectrum even in the case when
the rank of P, is not one. To our knowledge, these results are new in this
generality. This result is not vacuous because Dietlein and Elgart [46] proved
Minami estimate in continuous case, though the expression they obtained is
similar to expression from Theorem 1.5. Another example is given after the
statement of Theorem 1.5.

The family of random operator we focus on here can be described as follows.
On a separable Hilbert space .77 the random operators we will focus on are of
the form given in equation (1.1), satisfying the following assumptions.

Hypothesis 1.1. We assume that Hy is an essentially self-adjoint operator
with its domain of definition denoted by D(Hy), { Py }nen is a countable collec-
tion of mutually orthogonal finite rank projections with

ZPn:I.
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The real-valued random variables {wy, }nen are mutually independent and are
distributed with respect to the absolutely continuous distribution g,(x)dx, where
supp(gn) = R for eachn € N.

In the case of unbounded H, for example the —A on L?(R?) with its max-
imal domain D(H,), taking a countable basis in D(Hy) and considering the
finite rank projections generated by them will satisfy the hypothesis. In case
of —A, another method is to use smooth basis from L2([0, 1]¢) and translate
them using Z? action to get the desired result. Anderson tight binding model
and Anderson dimer/polymer models fall in this family of operators. We will
focus on the pure point spectrum away from the continuous spectrum. Our
theorems are valid for several non-ergodic operators, so to accommodate those
cases, we define

-1
Y = ﬂ ﬂ EeR:lei%l (HW—FZ)\me—E—LE) Pl <

BCN neB r€B
#B<oo
for almost all {\;},ep w.r.t. Lebesgue measure },

and
0, = ﬂ {E eR:lm|[(HY = E =) 'P,|| < o0 a.s.} :
neN «l0

A discerning reader may note that the condition in the definition of ©, is
precisely the Simon-Wolff criterion for pure point spectrum for H + AP a.e. A,
when P has rank one. For the Anderson model on the lattice, even for higher
rank cases, the Aizenman-Molchanov method can be used to prove localization
on R\ [-R, R] for large enough R under our assumptions on w,. So for such
models, the set O, has infinite Lebesgue measure under the Hypothesis (1.1).
Note that in the definition of ¥*, we are considering perturbations by finitely
many projections because if

-1
li HY P,— FE— P,
€1Lr)l ( +Z)‘l‘ m LE) |l < o0

zeB

for some E € R and {\,},, then above equation holds for almost all {\,},
w.r.t. Lebesgue measure.

We define HY = PgH*“ Pg, where Pg is the orthogonal projection given by
Y nep P, for any subset B C N. With these definition in place we state a
principal result which is the following:



Theorem 1.2. Consider the random operators H¥ on a separable Hilbert space
A, given by equation (1.1), satisfying the Hypothesis (1.1). Assume further
that range(P,) C D(Hy) for every n € N. Suppose there is a subset J C
©,, of positive Lebesgue measure and a K < oo such that the multiplicity of
eigenvalues of HY is bounded below by K on J for a.e. w. Then,

1. Then for every finite B C N, the multiplicity of any eigenvalue of the
operator HY : Ppt — PpJt is bounded below by K for a.e. w.

2. The multiplicity of H* on 3% is bounded below by K for almost every w.
Remark 1.3. A few comments are in order before we proceed further.

1. When Hy is unbounded and P, satisfy the Hypothesis 1.1, it may still
happen that the HY are not essentially self-adjoint. However there are
numerous examples where they are indeed self-adjoint.

2. The hypothesis supp(g,) = R is essential. This is demonstrated by follow-
ing exzample: On the Hilbert space (*(Z x{1,--- ,5}) consider the random
operator

w [un+1m+un—1 m] + Wplnm m = ]-72
— ) ) ) < <
<H u)ﬂ,m {2[un+1,m + un—l,m] + wnun,m m = 37 4a 5 vn < Z’ L =M= 57

for uw € (2(Z x {1,---,5}), where {w,}nez are i.i.d random variables
following uniform distribution on [0,1]. The projections

(Qzu)n,m - { O7 o.w \V/(TL, m) € Z x {1’ T ’5}’

commute with H* and Q;H*Q; is the Anderson operator on (*(Z x {i}),
so it has pure point spectrum. We notice that Q;H*Q); for i = 3,4,5 are
unitarily equivalent, so all the eigenvalues coincide. Hence the multiplic-
ity of HY is three on the interval (3,5). But on the interval (—2,3), the
multiplicity is bounded below by 2, hence the conclusion of theorem 1.2
fails to hold. On other hand if we choose w, to be i.i.d random variable
following some distribution g(x)dx with supp(g) = R, then using the fact
that the spectrum of Q1H“Q, is dense in R, we see that the minimum
multiplicity of eigenvalues on a given interval is two.

We define the random variables,

np,s(w) = TT’(EH]‘;(J)%



for any interval J, where Eps denotes the spectral projection for the operator
Hg.
Our main theorem has two remarkable consequences. The first is on the
multiplicity of the pure point spectrum if Minami estimate 34|, namely,
P({w : 95,5 (w) > 2}) < C|BP|J[%, (1.2)
holds for any finite B and the constant C' independent of B, J.

Theorem 1.4. Consider the operators H* satisfying the Hypothesis (1.1) and
let H_wg denote HY restricted to the closed H*-invariant subspace

Ay ={f(H*)p: [ € C(R),¢ € Ppi’}.

Suppose that range(P,) C D(Hy) for all n € N and there is a non-trivial
interval I C R and a finite B C N such that the Minami estimate (1.2) holds
for every subinterval J C I. Then the spectrum of ijg mn 2¥ 1s simple.

Another extension of Theorem 1.4 which is obtained by combining Theorem
1.2 with a result of Anish-Dolai |28, Lemma 4.1] is:

Theorem 1.5. Let HY satisfy the conditions of Theorem 1.2. Suppose for a
non-trivial interval I C R and a,b > 0, the generalized Minami estimate

P(w:nps(w) > K) < C|B|“|J|1+b

is valid for all B C N and any subinterval J C I with a,b > 0 independent of
B, J. Then ¥¥ has uniform multiplicity and multiplicity of os(H*) is bounded
above by K.

The generalized Minami estimate stated above usually shows up where K
is rank of projection. But there are special cases (such as [46]) where K <
rank(P,). As a trivial example, consider Hy = ) . [02,) (62,] and P, =
|620) (G| + [02ns1) (J2ns1| on the Hilbert space ¢*(Z). It is easy to see that
the generalized Minami estimate holds (with K = 1) for any bounded interval
with large enough L. The reason generalized Minami estimate is important is
because it can show the absence of simple Poisson statistics for the model. It
was shown in [47] that complete exponential localization and Wegner estimate
are enough to conclude that limiting statistics in Minami theory [34] is always
Compound Poisson.

Suppose for each N € N, B,k =1,2,..., my, are disjoint regions and Iy
are intervals such that my — oo, |Iy| = 0,N — oo, Ny Iy = {E} and
consider the array of independent random variables,

T]k7E7[N<w) = TT(EH§k<[N)), k= 1,2, oo, My, N = 1,2, e
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Theorem 1.6. Consider the operators H* as in theorem 1.2. Suppose there
exists a set J C O, of positive Lebesque measure in which the spectrum of H*
is pure point and has spectral multiplicity bigger than one. Then for any E € R
and any sequence of bounded interval Iy as above, if the array {n g 1y (w),1 <
kE < my,N = 1,2,3,...} is asymptotically negligible, then the limit points
Xor of 0N g1y (w) are not a Poisson random variables.

Ideas of Proofs

The proof of above theorems are given in next section, however we quickly
go over the ideas involved in the proofs. An important part of the proof of
Theorem 1.2 is to study H-+ AP for a finite rank projection P, since the operator
H* can be re-written as (2.1). Then, the proof of Theorem 1.2 is divided into
four parts, with Lemma 2.2 and Lemma 2.5 addressing the spectrum of H + AP
only and the Corollary 2.4 and 2.6 use the lemmas to conclude the claims of
the Theorem 1.2.

In Lemma 2.2 we show that if the multiplicity of the spectrum of H + AP
is bounded below by K in some interval I for almost all A, then the algebraic
multiplicity of eigenvalues of P(H — 2)"'P (as a linear operator on PJ#) is
bounded below by K for z € C*. We then rewrite H as in (2.1) and use the
representation (2.4) of Pg(HY — z)~!Pp, to conclude that the multiplicity of
the spectrum of HY is bounded below by K. This is the idea behind statement
(1) of Theorem 1.2, the details of the proof are in the Corollary 2.4.

We then concentrate on the converse, Lemma 2.5, namely if the algebraic
multiplicity of roots of the operator P(H —2z)~! P (as a linear operator on P.J#)
is bounded below by K for z € C*, then the multiplicity of the spectrum of
H + AP in

S={E€R: lim [|(H = B = 1) P|| < oo}

is bounded below by K. We then use the representation (2.1) for H* and
Lemma 2.2 and Lemma 2.5 along with the fact that Ug- 7€ is dense subset
of 7, to get the lower bound on the multiplicity of spectrum for H¥ in »¢.

The main reason for concentrating on the set S is because in this set, the
operator Hy has pure point spectrum, and

dim(ker(Hy — E)) = dim(I + \P(H — E —0)"'P)  ae. E€ S

with respect to Lebesgue measure, which is shown in Lemma 2.1. Hence any
bound on the multiplicity of eigenvalues of P(H — z)~! P translate to a bound
on multiplicity of eigenvalues of H) and vice-versa in the region S

The proof of Theorem 1.4 follows all the above steps but is more concise
owing to the Minami estimate, which guarantees that the spectrum of H is
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simple over the interval I almost surely. Using the representation (2.4) we get
that the matrix Pg(H¥ — 2)"' Py (as a linear operator on Pg.#) has simple
spectrum for &z > 1. The discriminant for a polynomial with simple roots is
non-zero, so the discriminant for the polynomial (in x)

det(Pg(H* — 2)"'Pg — xI),

which is the determinant of a Sylvester matrix whose entries are polynomial
of matrix element of Pg(H“ — 2)~!Pp, is an analytic function on C*. So the
eigenvalues of the matrix Pg(H* — 2)~!Pp are simple for almost all z € C*.
So following the steps of proof of Lemma 2.5 and Corollary 2.6 completes the
proof of the theorem. Similar approach also works for Theorem 1.5.

The proof of Theorem 1.4 is a special case of the technique developed in
Lemma 2.2 and Lemma 2.5. But it is easier to follow and provides an insight
for the steps involved in the proof of the Lemma 2.2 and Lemma 2.5.

2 Proofs of the Theorems

In this section we will work with a fixed finite subset B C N. Let {nz}‘zi‘1 be
an enumeration of B and let U be a real orthogonal matrix of the form

U — Ug1 Ug2 -+  U2|B|-1 U2 )|B|

u‘B‘vl u‘B‘72 e u|B|7|B|71 u|B|7|B|
Setting w; = etlUd, where & = (wp,, -+ ,wn ) and e; = (0,---,0,1,0,---,0)"*
g () I - ni» ) YN | 1T I y Yy 4y Yy ) )

we have

w1 = \/‘?TLEZB

For f; € C.(R) and f, € C.(RIPI71), observe that

E[f1(w1) fo(wa, - -+, wyp))]

|B| |B| |B|
fl ( ) f2 U2,iWn;y U|B|,iWn; In; (wm)dwm
-l Tmse) X 2 o |11

| B| |B| | B|

/ /f1 Hgm +Zuj,iwj dw, fg Wa, -+, W|B| Hdwl
j=2




Since supp(gn) = R we have H‘Zi‘l Gn; (\}”—1? + Eljli'Q ujﬂ-wj) # 0 for almost all

w; for almost all wy, -+ ,wp. Hence the conditional distribution of w; given
wy, -+ ,w|p| is absolutely continuous. Decomposing the operator H* as

HY=Ho+ Y w.P,

neN
S wnt Yo (Sm |+ ()

= Hy+ wn P, + w; uj i P, | + ——= P, (2.1)
Nt =\ B\

one can view w; as a random variable with absolutely continuous distribution
depending on ws, - - -, wp|.

With above observation, the result boils down to studying the multiplicity
problem for single perturbation. We only need to work with a fixed essentially
self-adjoint operator H on a separable Hilbert space ¢, and set

Hy=H+\P

for some finite rank projection P. Defining the closed H-invariant subspace

%P = <f(H)¢f € CC(R)7¢€ P%%
and observe that it is Hy-invariant, so using Spectral theorem we have
(Hp, Hy) = (L*(R, PEg, (-)P, P3#), M14),

where Ey, is the spectral measure associated with the operator Hy and My,
is given by
(Mr)(z) =2¢(z)  VzeR

for ¢ : R — P with compact support. Using functional calculus we have

1

Tr—Zz

P(Hy—2)'P = / PEy, (dx)P  Vze C\R,

and using [49, Theorem 6.1] we can retrieve the measure PEpy, (-)P from
P(Hy) — z)7' P, where we view

P(Hy—2)'P:P# — P#  z€C\R,
as a linear operator over a finite dimensional vector space P.7#. Denote

GMz)=P(Hy—2)"'P, & G(z) = P(H—2)"'P  V¥z€C\R,

9



and
GME +10) = li{lOlG)‘(E +e) & G(E+10) = lif(r)l G(E + te)

whenever the limit exists for £ € R. By general theory for matrix valued
Herglotz functions [49, Theorem 6.1], the set

S :={F € R:G(F + 0) exists and finite}
has full Lebesgue measure.

Lemma 2.1. On a separable Hilbert space 7€ let H be a self-adjoint operator
and set Hy = H + AP for A € R and a finite rank projection P. Set

%P:<f(H)¢f€Cc(R)7¢GP%>

to be the H-invariant subspace containing the space P and

S={EeS: hfél H(H - E— LE)_1PH exists and is finite}.

Then for any E € S the linear map
P : kery,(Hy — E) = kerpy(I + AG(E + 10))
defined by P = P is well defined and is a bijection.
Proof. We first note that if leigl |(H — E —ie)"'P|| is not finite, then there

must be a vector in the ker(H — E') since the rank of P is finite, since the limit
always exists by monotone convergence theorem. Using the observation that
Jp is Hy-invariant for all A\, we will view H and H), as self-adjoint operators
on . only. For E € S, the map

P : kery, (Hy — E) = kerpyp(I + AG(E +10)),

defined by P¢ = P¢ is well defined and linear. To see this let 0 # ¢ €
ker s, (Hy — E), then,

(H+AP—-E)p=0
= ¢+ NH—FE—1€) ' Pop+1e(H—-FE —1€) =0 Ve >0. (2.2)

But

1561 we(H — E—1e)t = —Ex({E}),

where Ey is the spectral projection of H. Therefore if PEy({E})P # 0 then
we will have

G(E + 1c) = —éPEH({E})P + G(E +10),
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where G(-) is also a matrix-valued Herglotz function. (Reason: By assumption
and by polarization consider a vector n such that (n, PEg({E})Pn) # 0.
Then denoting the measure u = (n, PEy({E})Pn), we have by Theroem [52,
Theorem 1.3.2(1)],

lim e3((n, G(E +ie)n)) + u({E}) = 0.

e—0

Since the real parts of G and G are the same, the relation follows. )
This relation shows that the lim.jo G(E + te) does not exist. So using the
fact that £ € S, we get

hﬂ? 1e(H — E — 1) '¢p = 0.

Combining the above equation and (2.2) we have

lii(r)lgb +AH - E — 1) 'Pp =0,

which implies P¢ € kerpy (I + AG(E + :0)). The map is one-one because, if
P¢ =0 for some 0 # ¢ € kerp, (Hy — E), then
(H+AP—-FE)p=0 = (H—-E)p=0
= (¢, [(H)¢) = f(E)(,¢) =0 VfeC(R),¢ePH,

which implies ¢ 1 5, giving a contradiction.
Now for the inverse of the map, define

Q : kerpy(I +AG(E +10)) — keryy, (Hy — E)

by Q¢ = (H—E — LQ)_1¢. By the definition of S the element Q¢ € 5 for any
¢ € PAH and E € S. Let 0 # ¢ = Q¢ for some ¢ € kerpyp(I + AG(E + 10)).

This choice leads us to :

V:=Q¢=(H—FE—i0)'Pp=(H—E —ie) ' Po+ .,
where || = o(1),
(Hy — EY = (H — E —i€)y) + AP + ey
= Pop+ (H— E —ie)p. + AP + iey)p
= Pop+ (H — E —ie)p + \G(E +1i0)p + o(1).

Therefore
P(Hy— E)Y =P¢+ P(H—FE —ie)Y. + A\G(E +i0)¢ + o(1). (2.3)
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Let range(P) = (f1,..., fm), then using the fact that range(P) C D(H,), we
have

{fi, (H — E —i€e)ihe) = (H — E+ie) fj, ) = o(1).
Therefore P(H — E — ie) ', = o(1). Substituting equation (2.3) and using
the condition that ¢ € kerp(I + \G(E + i0)),
P(H\x— E)Y) =P+ \G(E +1i0)¢ =0,

hence Q¢ € ker, (Hy — E). The injectivity of the map @ follows from
1
PQ¢=P(H - FE —10)"'¢ =G(E + 10)¢ = ¢
This completes the proof of lemma because —A(Q) is the inverse of the map P.
O

In the following Lemma, we regard H) as an operator on .#p.

Lemma 2.2. Let H, Hy and S be defined as in Lemma 2.1, and let J be a
subset of S of positive Lebesque measure. . Suppose any eigenvalue of Hy in
J has multiplicity at least K > 1 for almost all \. Then all the roots of the
polynomial (in x)

F.(x) = det(G(z) — xl),
have multiplicity bounded below by K, for almost all z € C*.

Remark 2.3. Note that since o.(H) # R, the measure tr(PEg(-)) is not
equivalent to Lebesgue measure, so using F. and M. Riesz theorem [25, Theorem
2.2], we get that tr(G(z)) # 0 for z € CT.

Note that even if o(H) N J = ¢, the proof of Lemma 2.1 shows that for A
in Upes{—= 2z € o(G(E +10))} we have

o(Hy)NJ # o.
So the hypothesis is not vacuous.

Proof. Since the subset J is contained inside S, we can apply Lemma 2.1 and
claim

dim(ker . (Hy — E)) = dim(kerp(I + A\G(E + 10))) VE € J.

Now using above observation for any E € J and the hypothesis of the
lemma, we get that the geometric multiplicity of spectrum for G(FE + :0) is at
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least K for almost all £ in J. In algebraic terms this implies that all the roots
of the polynomial (in z)

Fg(z) = det(G(E + 10) — «1)

has multiplicity bounded below by K for almost all £ in J.
Now for z € C*, consider the polynomial (let N = rank(P))

F.(z) = det(G(2) — ) = Y a;(2)a",

=0

and define

dF, ;
6.0) = ged (Fo), (o)) = ol
where following Euclid’s algorithm we get that p; are rational polynomials of
{a;};. Now consider

-~ F.(x .
F.(z) = G’f(a:)) = ;qi(z)xl,
where ¢; are rational polynomial of {a;}; and {p;};. Since p; are rational
polynomials of {a}x, we can view ¢; to be rational polynomial of {ay}, only.

First notice that each root of F, is a root of ﬁ’z, and each root of ﬁ’z has
multiplicity one. So if all the roots of the polynomial F,(x) has multiplicity
at least K, then (F,(z))¥ divides F,(z) as a polynomial of . So define the
reminder

R.(z) = reminder(F.(x), (F,(z))%) = Z ri(2)z’,

which following division algorithm tells us that r; are rational polynomial of
{a;}; and {¢;};. Since ¢; are rational polynomial of {ay};, we can view r; as
rational polynomial of {a}, only. We are only interested in numerator of r;
(as a rational polynomial in {ay},) which will be denoted by 7;. Note that 7;
are defined for z € C* (because they are polynomial of {ay }, which are defined
for z € C*). Now using the fact that all the roots of Fg(x) has multiplicity
bounded below by K, we have 7;( E+:0) = 0 for almost all £ € J for all i. Since
J has non-zero Lebesgue measure, using the Privalov Uniqueness Theorem |50,
page 552], we conclude that r; =0, V i for z € C*, which means

R.(x)=0 Vz e C*.

Hence all the roots of F,(x) have multiplicity bounded below by K.
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With the lemma in place, part (1) of Theorem 1.2 boils down to writing the
resolvent G(z) in a certain way and taking the limit Sz — oo. This is done in
the following corollary to prove the result.

Corollary 2.4. Let H* be defined by (1.1) and J satisfies the hypothesis of
theorem 1.2. For any finite subset B C N, if range(Pg) C D(H,) then the
multiplicity of any eigenvalue of the operator

PgH”Pg : Pgit — Pt
15 bounded below by K almost surely.
Proof. Using the fact that H“ can be written as (2.1), defining
H“* = H* + \Ppg,
and by the definition of ©,, we have
|(HY = E = 10)"" Pp|| < 0 ae EeJ

for almost all w. Hence we can use the lemma 2.2 and get that the roots of the
polynomial (in z)

F¥(x) = det(Pg(HY — 2) "' P — 1)

has multiplicity bounded below by K, for almost all w and z € C*.
Now using the resolvent equation for H* and H*, where

H® = PgH*Pg + (I — Pg)H“(I — Pg),
we can write (viewed as an operator on Pg¢)
PB<}IW - Z)ilpB

~ -1
= [PBHWPB - ZPB - PBH(]([ - PB)<HW - Z)il([ - PB)H()PB . (24)

(To get this relation we write H¥ = H* + K, and using resolvent equation
twice we have

(HY —2)t = ([:{” — )7+ (I:I“ — z)*lK([:{” —2)7!
+ (H® — 2) 'K (H® — 2) 'K (H* — 2)~%.

Then take the last term to the left to get

(H—2)"Y 1 — K(A* - 2) 'K (3% — z)—l} - [1 V(A - z)—lK] (F°—2)1,
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Since action of H* preserves Pg.# and (Pps)*: and K = PgHy(I — Pg) +
(I — Pg)HyPg, once we multiply Pg from left and right in above expression,
we are left with

G(2) [PB — PK(H* — 2) " K(H* — z)—lpg] — Py(A® — 2)"'Pg.

We get the expression (2.4) by using above expression and the fact that Pg(H“—
2)"' Py is same as (PgH“Pg — 2)71.)
So we conclude that the algebraic multiplicity of eigenvalues of the matrix

PgH® Py — PgHy(I — Pg)(H” — 2)"Y(I — Pg)HyPg

is at least K for almost all w and z € C*. Using the fact that (I — Pg)HyPg
and PgHy(I — Pp) are finite rank operator hence bounded and
<

H([:I‘“—z)’l Vz e Ct,

9|~

there exists C,, p such that

Cw,B

Sz

HPBHO(I — P)(H* — 2) NI - PB)HOPBH <

Denoting D= PBHWPB and C(Z) = PBHQ(I - PB)(f{w - 2)71(1 - PB)HQPB,
we have the multiplicity of each root of the polynomial (in x)

det(D + C(z) — «I)
is bounded below by K for almost all z € C*. Set

€ = mln{|E1 — EQ‘ : El,EQ € O'(D) & El 7£ EQ},

3C,. B
€

then for &z >

, we have
I(D+C(:) - Bysll = IC )]l < 3 Nl

where F € o(D) and ¢ € Pps be the corresponding eigenvector, so we
conclude that D + C(z) has an eigenvalue in the ball {w € C: |w— FE| < ¢/3}.

On other hand for any eigenvalue E* of D+ C(z) for Sz > 30:’3 , let ¢, be the
corresponding eigenvector for E*, then

z 4 €
I(D = EX)¢:|| = (D + C(2) — E*)¢. — C2)¢:| < 5 lI¢:,
so there is a unique eigenvalue of D in the ball {e € C: |e — E*| < £}.

15



3Cw,B

€ I

Let { EZ}; be an enumeration of the eigenvalues of D+ C/(z) for 3z >

then
det(D + C(2) — xl) = [ [(Ef — x)™

)

where n} is the algebraic multiplicity of the eigenvalue E?. Since all the roots
of the polynomial det(D + C(z) —z) has multiplicity bounded below by K, we
have n7 > K. Using the convergence of E? to an eigenvalue of D as Sz — 0o
and

Fz—00

det(D + C(z) —xl) —— det(D — z1)

we get that that all the eigenvalues of D have algebraic multiplicity bounded
below by K. Since D is self-adjoint, we have the equality between algebraic
and geometric multiplicity, hence proving the corollary.

O

For the second part of theorem 1.2, we first need to obtain the claim for
H¢“-invariant subspaces 5. This is done in the following lemma.

Lemma 2.5. Let H, Hy be defined as in Lemma 2.1. Suppose that the roots of
the polynomial (in x)
det(G(z) — zI)

have multiplicity at least K for almost all z € C*. Then the multiplicity of all
the eigenvalues in S of Hy restricted to 7p is at least K for almost all X with
respect to Lebesgue measure.

Proof. Following the steps from the proof of Lemma 2.2, we can construct the
function R.(x) from the polynomial (in x)

F.(z) = det(G(z) — «)

and conclude that the algebraic multiplicity of the eigenvalues for G(E + :0) is
bounded below by K for almost all £ € R with respect to Lebesgue measure.
Hence the set

S = {E € S : algebraic multiplicity of any eigenvalue of
G(F + :0) is bounded below by K}

satisfies Leb(S \ S) = 0.

Next using Lemma 2.1 we have

dim(ker , (Hy — E)) = dim(kerp»(I + A\G(E 4+10)))  VE € S.
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Using the equation
(6, SP(H — E — 1) 'PY) = ¢ |(H — E —1e)""||> Wy € P,
and the fact that SG(E£ + :0) > 0, we conclude that
SGE+10)=0 VEeS,

so G(F +0) is a self-adjoint matrix, hence the geometric and algebraic multi-
plicity of its eigenvalues coincide. So the lemma is concluded by the fact that
on the SN S the multiplicity of an eigenvalues of H) is at least K and using
Spectral Averaging, (whereby if A, B are self-adjoint operators on " and M,
the operator of multiplication by A in L*(R), then the spectral measures of
A® I+ My® B on L*(R) ® J, associated with vectors in the range of B are
always absolutely continuous for positive bounded operators B, see for example
Krishna-Stollmann [53], from which it follows that), we have

PEy (S\S)P =0 a.e A,

so the multiplicity eigenvalues of H) in S is bounded below by K for almost
all \.

O

Now the proof of second part of Theorem 1.2 is a consequence of lemma
2.2 and 2.5 along with a density argument.

Corollary 2.6. Let H“ be defined as (1.1) and assume that it satisfies the
hypothesis of the Theorem 1.2 on the set J C O, with the lower bound on the
multiplicity given by K. Then the multiplicity of any eigenvalue in 3 for the
operator H¥ is bounded below by K for almost all w.

Proof. The proof is done for an increasing family of H“-invariant Hilbert sub-
spaces, the theorem then follows by a density argument. Let {n;};eny be an
enumeration of N and define

N
Hyt = H +) APy,

i=1

and set Qy = SN, P,,. Denote

AN = (f(H*)¢: f € C(R), ¢ € QnI),

17



and let Q% : S — Jy be the canonical projection onto 3. For any
Y € QnI we have

N t
<¢’ eLtHI“\’,’A,l?Z)> — <¢’ 6LtH“,¢> 4+ Z )\z/ <¢’ eb(t_S)HanieLSHI“\)”A’l?Z)> ds
i=1 YO
N t a
_ <6—LtHw¢’,l/}> + LZ)‘Z'/ <€—L(t—s)H“¢’ PniebsHN’ 1p> ds
i=1 0
=0 Vi eR

for ¢ € ()L, i.e H is also H]“\’,”\—invariant. Following the decomposition
of (2.1) we have a change of variables from Ay, -, Ay to 7y, -+, ny using an
orthogonal matrix such that

N N
w T
Hy = H+) s <Z Uj,iPm) +—=0QN
i=2 j=1 N

where 1, = ﬁ SV A So writing

N N
Hy"=H* + Zm (Z Uj,iPn,) )
i=2 =1

we have H9N = HO" + J%Qn. To distinguish the variable ; denote
Hy™ = Hy"+ kQn.
Since J C O, the definition of ©, implies
H(H]“\’,’"’” —FE - LO)’lQNH < 00 ae FE € J,

for almost all w,n, k. Hence using the lemma 2.2 for Hy™", we conclude that
all the roots of the polynomial (in x)

det(QN(H]“\’,’" — Z)ilQN — ZL’I)

have multiplicity at least K, where Qn(Hy" — 2)7'Qx is viewed as a linear
operator on QQn.7Z. With this observation, hypothesis of lemma 2.5 is satisfied.
So we conclude that the multiplicity of spectrum of Hy"" restricted to .73
(which is Hy™"-invariant) in

Swin — {EeR:Qn(HY"— FE — 10)'Qy exists and finite, and

18



|(Hy" = E —10)"'Qn|| < oo}

is bounded below by K, for almost all k. Since the second condition on the set
S9N is precisely the Lemma 2.1 criterion for pure point spectrum, we have

Leb(X4\ §4) = 0,

where X% is same as X where @ is such that H® = Hy".

Hence we conclude that for almost all A, the multiplicity of the operator
H ]f,”\ restricted on the invariant subspace 23 is bounded below by K. This also
implies that the multiplicity of the operator H* restricted onto the invariant
subspace .7y is bounded below by K for almost all w. This follows because
{wn, }Y, are independent of {wy, }nean fni:1<i<ny. Now using the inclusion ¢ C
¢, for all N which is implied by our hypothesis 1.1 on P,, the subspace

H = U TN

NeN

is H¥-invariant subspace of 7. By above argument it is clear that the mul-
tiplicity of spectrum, in X% for H“ restricted on closure of A% is bounded
below by K. We get the conclusion of the corollary by observing that A is
dense in 7 because of )y — I strongly.

O

Proof of Theorem 1.2 :

By hypothesis of the theorem, the hypothesis of Corollary 2.4 is satisfied
hence part (1) of the theorem is proved. For the second part, Corollary 2.6
gives the proof of the statement.

O
Proof of Theorem 1.4:

By the definition of ¥*, our Lemma 2.1 and the comment at the beginning
of the proof of Lemma 2.1 together with the H* invariance of .7 imply that
H’;’fg has no continuous component of spectrum in ¥*. We then start with a
proof of simplicity of the spectrum of H% in I. To this end take I = [a, b] and
set

b—a b—a

In, = )
N, a+Nna+N

n+2)|, ne{0,---,N—-2}, NeN.

Then, using the Minami estimate we have for each N € N,

P({w:3E € INo(Hy) such that £ has multiplicity higher than one})
<P({w: a1y, () >2 forsome ne{0,---,N—2}})
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N-2
4C|B|?|I|?
S b < ST
n=0

which converges to zero as N — oo.
Following the steps involved in obtaining (2.1), we can write

H% = H% + wPg,

where w = ‘—é‘ Y nepWn and w is real random variable with an absolutely
continuous distribution, depending on w, having non-zero density at all points.

Since HY is an operator on Pp.Z” and Pp acts as the identity operator on
Pp i, we have o(H% + wPp) = w + o(H%). Combining these two facts we
see that any eigenvalues of o(H%) N (I — w) is almost surely simple for almost
all w. Since Uyerl — w = R, we conclude that o(H%) has simple spectrum.
Since H% — HY is a multiple of identity, we conclude that H% also has simple
spectrum a.e. w, let us denote this set of full measure to be Qp.

It remains to show that the simplicity of spectrum of H implies the sim-
plicity of eigenvalues of Pg(H“ — 2)~! Pg, as a linear operator on Pg.s# for a.e.
w.

The simplicity of the spectrum of Pg(H* — z)~! Py follows if we show that
the discriminant A¥(z) of the polynomial

F¥(x) = det(Pg(HY — 2) ' P — 1)

is non-vanishing. Now, A“(z) can be written as the determinant of the Sylvester
matrix of F¥ and it’s derivative, which is are analytic functions of z in C*.
Since H% has simple spectrum, using the representation (2.4) for Pg(H“ —
2)~! Pg we conclude that A“(z) # 0 for 3z > 1, which implies that A*(z) # 0
for almost all z € C*. Hence, by Privalov uniqueness theorem [50, page 552],

ligl A“(E+1w€e) 40  aa E€R,

which gives the simplicity of spectrum of Pg(H* — E — 10)~! Py for almost all
E. So using Lemma 2.1 we conclude that the operator HE’A restricted on the
invariant subspace 5 on the set ¥ has simple spectrum.

So using the fact that J¢3 is Hl“;”\—invariant, we get the simplicity of spec-
trum of H“ in X* on the subspace #5 for almost all @.

O

Proof of Theorem 1.5:

By using argument from the proof of theorem 1.4, we conclude that the
multiplicity of the spectrum for H% is bounded above by K. Hence using the
decomposition (2.4) of Pg(H* — z)~'Pp and following the argument of the
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corollary 2.4 we conclude that the multiplicity of any roots of the polynomial
(in x)
F.(z) = det(Pg(H” — 2)"'Pg — zI)

is bounded above by K for almost all z € C* almost surely, where Pg(H* —
z)_1PB is viewed as a linear operator on Pg.# for any finite B € N. So
using [28, Theorem 1.1] we conclude that the maximum multiplicity of H* is
bounded above by K. This completes the proof of the theorem.

O
Proof of Theorem 1.6:

The assumption that the spectral multiplicity in J C R\ X. is bigger than
one implies that the spectral multiplicity of o(H$) is bigger than one for any
finite B C N, by Theorem 1.2. Therefore for any finite subset B C N, and
any interval I C R, we have

PHw:npw(J) =1}) =0,
showing that
P{w:mepry(w)=1}) =0, Vk <my, ¥V N eN.

Therefore, if {ng 7, } s a uniformly asymptotically negligible array of random
variables, (see [51, Section 11.2], then Theorem 11.2 of [51], applied to random
variables, shows that the limit

my
Xop = A}linoo Z M B, In
k=1

with the convergence in distribution, is not a Poisson random variable. The
proof of [47, theorem 5.1], also gives an alternative proof of the Theorem.

O
Acknowledgments
We thank Dhriti R. Dolai for discussions and Ashoka University for local hos-
pitality to AM where part of this work was done.

References

[1] Philip W Anderson. Absence of diffusion in certain random lattices. Phys-
ical review, 109(5):1492, 1958.

21



2l

3]

4]

5]

(6]

7]

8]

19]

Jiirg Frohlich and Thomas Spencer. Absence of diffusion in the anderson
tight binding model for large disorder or low energy. Communications in
Mathematical Physics, 88(2):151-184, 1983.

Michael Aizenman, Alexander Elgart, Serguei Naboko, H. Jeffrey Schenker,
and Gunter Stolz. Moment analysis for localization in random schrodinger
operators. Inventiones mathematicae, 163(2):343-413, 2005.

Michael Aizenman and Stanislav Molchanov. Localization at large disorder

and at extreme energies: An elementary derivations. Communications in
Mathematical Physics, 157(2):245-278, 1993.

Victor Chulaevsky, Anne Boutet De Monvel, and Yuri Suhov. Dynamical
localization for a multi-particle model with an alloy-type external random
potential. Nonlinearity, 24(5):1451, 2011.

J.M. Combes and P.D. Hislop. Localization for some continuous, random
hamiltonians in d-dimensions. Journal of Functional Analysis, 124(1):149
— 180, 1994.

JM Combes and PD Hislop. Schrodinger operators with magnetic fields.
In Partial Differential Operators and Mathematical Physics: International
Conference in Holzhau, Germany, July 3-9, 1994, volume 78, page 61.
Birkhauser, 2012.

Frangois Delyon, Yves Lévy, and Bernard Souillard. Anderson localization
for multi-dimensional systems at large disorder or large energy. Communi-
cations in Mathematical Physics, 100(4):463-470, 1985.

Jiirg Frohlich, Fabio Martinelli, Elisabetta Scoppola, and Thomas Spencer.
Constructive proof of localization in the anderson tight binding model.
Communications in Mathematical Physics, 101(1):21-46, 1985.

[10] Frangois Germinet and Abel Klein. Bootstrap multiscale analysis and

localization in random media. Communications in Mathematical Physics,
222(2):415-448, 2001.

[11] Francois Germinet and Abel Klein. New characterizations of the region of

complete localization for random schrodinger operators. Journal of Statis-
tical Physics, 122(1):73-94, 2006.

[12] Werner Kirsch, Peter Stollmann, and Giinter Stolz. Anderson localization

for random schrodinger operators with long range interactions. Communi-
cations in Mathematical Physics, 195(3):495-507, 1998.

22



[13] Barry Simon and Tom Wolff. Singular continuous spectrum under rank one
perturbations and localization for random hamiltonians. Communications
on pure and applied mathematics, 39(1):75-90, 1986.

[14] Jean Bourgain and Carlos E. Kenig. On localization in the continuous
anderson-bernoulli model in higher dimension. Inventiones mathematicae,
161(2):389-426, 2005.

[15] Rowan Killip and Fumihiko Nakano Eigenfunction Statistics in the Local-
ized Anderson Model Ann. Henri Poincaré 8(1):27-36, 2007.

[16] Laure Dumaz and Cyril Labbé Localization of the continuous Anderson
Hamiltonian in 1-D Probab. Theory Relat. Fields 1-67, 2019.

[17] Peter Hislop and Werner Kirsch and Krishna M Eigenvalue statis-
tics for Schrédinger operator with random point interactions on RY
arXiw:1905:0788.

[18] Michael Aizenman and Simone Warzel. Random Operators: Disorder Ef-
fects on Quantum Spectra and Dynamics, volume 168. American Mathe-
matical Soc., 2015.

[19] René Carmona and Jean Lacroix. Spectral theory of random Schrédinger
operators. Springer Science & Business Media, 2012.

[20] A Figotin and L Pastur. Spectra of Random and Almost-Periodic Opera-
tors. Springer Verlag, Berlin, 1992.

[21] Werner Kirsch. An invitation to random schrédinger operators. with an
appendix by frédéric klopp. Panor. Synthéses. Random Schrodinger oper-
ators. Soc. Math. France, Paris, pages 1-119, 2008.

[22] Peter Stollmann. Caught by disorder: bound states in random media,
volume 20. Springer Science & Business Media, 2012.

[23] Barry Simon. Cyclic vectors in the anderson model. Reviews in Mathe-
matical Physics, 6(05a):1183-1185, 1994.

[24] Vojkan Jaksi¢ and Yoram Last. Spectral structure of anderson type hamil-
tonians. Inventiones mathematicae, 141(3):561-577, 2000.

[25] Vojkan Jaksi¢ and Yoram Last. Simplicity of singular spectrum in
anderson-type hamiltonians. Duke Mathematical Journal, 133(1):185-204,
05 2006.

23



[26] Sergey Naboko, Roger Nichols, and Giinter Stolz. Simplicity of eigenvalues
in anderson-type models. Arkiv for Matematik, 51(1):157-183, 2013.

[27) M Anish and Dhriti Ranjan Dolai.  Spectral statistics of random
schrodinger operators with unbounded potentials. arXiw:1506.07152, 2015.

[28] M Anish and Dhriti Ranjan Dolai. Multiplicity theorem of singular spec-
trum for general anderson type hamiltonian. arXiv:1709.01774, 2017.

[29] Anish Mallick. Jaksi¢-last theorem for higher rank perturbations. Mathe-
matische Nachrichten, 289(11-12):1548-1559, 2016.

[30] Anish Mallick. Spectral multiplicity for random operators with projection
valued randomness. (thesis), 2016.

[31] Anish Mallick. Multiplicity bound of singular spectrum for higher rank
anderson models. Journal of Functional Analysis, 272(12):5162 — 5190,
2017.

[32] Anish Mallick and P A Narayanan. On the multiplicity of spectrum for An-
derson type operators with higher rank perturbations. arXiv:1808.05820,
2017.

[33] S.A. Molchanov. The local structure of the spectrum of one-dimensional
schrodinger operator. Commun. math. Phys., 78:429-446, 1981.

[34] Nariyuki Minami. Local fluctuation of the spectrum of a multidimensional
Anderson tight binding model. Comm. Math. Phys., 177(3):709-725, 1996.

[35] Michael Aizenman and Simone Warzel. The canopy graph and level statis-
tics for random operators on trees. Math. Phys. Anal. Geom., 9(4):291-333
(2007), 2006.

[36] M Anish and Dhriti Ranjan Dolai. Eigenfunction statistics for ander-
son model with holder continuous single site potential. Proc. Indian
Acad.Sci.Math.Sci., 126(4):577-589, 2016.

[37] Jean-Michel Combes, Frangois Germinet, and Abel Klein. Poisson statis-
tics for eigenvalues of continuum random schrédinger operators. Analysis
¢ PDE, 3(1):49-80, 2010.

[38] Dhriti Ranjan Dolai and M Krishna. Poisson statitiscs for anderson model
with singular randomness. J. Ramanujan Math. Soc., 30(3):251-266, 2015.

24



[39] Frangois Germinet and Frédéric Klopp. Spectral statistics for random
Schrodinger operators in the localized regime. J. Eur. Math. Soc. (JEMS),
16(9):1967-2031, 2014.

[40] Klopp, Frédéric. Inverse tunneling estimates and applications to the study
of spectral statistics of random operators on the real line. J. Reine Angew.
Math., 690:79-113, 2014.

[41] Shinichi Kotani and Fumihiko Nakano.  Poisson statistics for 1d
Schrodinger operators with random decaying potentials.  FElectron. J.
Probab., 22:Paper No. 69, 31, 2017.

[42] Dong Miao. Eigenvalue statistics for lattice Hamiltonian with off-diagonal
disorder. J. Stat. Phys., 143(3):509-522, 2011.

[43] Fumihiko Nakano. Distribution of localization centers in some discrete
random systems. Rev. Math. Phys., 19(9):941-965, 2007.

[44] Fumihiko Nakano. Infinite divisibility of random measures associated to
some random Schrodinger operators. Osaka J. Math., 46(3):845-862, 2009.

[45] Martin Tautenhahn and Ivan Veselic. Minami’s estimate: beyond rank
one perturbation and monotonicity. Ann. Henri Poincaré, 15(4):737-754,
2014.

[46] Adrian Dietlein and Alexander Elgart. Level spacing for contin-
uum random schrédinger operators with applications. arXiw preprint
arXiw:1712.03925, 2017.

[47] Peter D. Hislop and M. Krishna. Eigenvalue statistics for random
Schrodinger operators with non rank one perturbations. Comm. Math.
Phys., 340(1):125-143, 2015.

[48] Abel Klein and Stanislav Molchanov. Simplicity of eigenvalues in the
anderson model. Journal of statistical physics, 122(1):95-99, 2006.

[49] Fritz Gesztesy and Eduard Tsekanovskii. On matrix—valued herglotz func-
tions. Mathematische Nachrichten, 218(1):61-138, 2000.

[50] Michiel Hazewinkel. Encyclopaedia of Mathematics: Volume /. Springer,
1995.

[51] DJ Delay and D Vere-Jones. An introduction to the theory of point pro-
cesses. vol. ii: General theory and structure, 2008.

25



[52] Michael Demuth and M. Krishna. Determining spectra in quantum theory,
volume 44 of Progress in Mathematical Physics. Birkhauser Boston, Inc.,
Boston, MA, 2005.

[53] M. Krishna and Peter Stollmann. Direct integrals and spectral averaging.
J. Operator Theory, 69(1):279-285, 2013.

26



	1 Introduction
	2 Proofs of the Theorems

