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ABSTRACT: In this paper we use the spinor-helicity formalism to calculate 3-point functions
involving scalar operators and spin-s conserved currents in general 3d CFTs. In spinor-
helicity variables we notice that the parity-even and the parity-odd parts of a correlator
are related. Upon converting spinor-helicity answers to momentum space, we show that
correlators involving spin-s currents can be expressed in terms of some simple conformally
invariant conserved structures. This in particular allows us to understand and separate out
contact terms systematically, especially for the parity-odd case. We also reproduce some
of the correlators using weight-shifting operators.
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1 Introduction

The study of CFT correlation functions in momentum space was initiated systematically
in [1, 2]. It is important for a variety of reasons. It has wide ranging applications in
cosmology [3—12] - in particular in computing cosmological correlators, and condensed
matter physics [13, 14] - especially in studying quantum phase transitions. Recent works
on aspects of momentum space CFTs include [1, 2, 15-54]. Via holography, momentum
space CFT correlators are related to flat space scattering amplitudes [55-60]. Thus CFT
correlators in momentum space, besides enabling a connection between the conformal and
S-matrix bootstrap, also reveal interesting structures such as double copy and colour-
kinematics duality relations which are hard to discern without working in momentum
space [26, 37, 51].

3d CFT correlators for conserved currents in position space are quite well explored.
A detailed position space analysis of higher spin C'F'T3 correlators was performed in [61].



For the position space 3-point correlators of conserved currents of the form (Jg, Js, Js,),
where s; > 1, it was shown that the correlators have two parity-even structures and one
parity-odd structure. When the sum of spins is even, the parity-even contributions arise
from three-point correlators in the free-boson and free-fermion theories. When the sum of
spins is odd, the parity-even contributions arise from correlators of non-abelian currents in
the free theory of multiple scalars or fermions. The parity-odd structure is not generated
by a free theory. When the spins of the conserved currents satisfy the triangle inequality,
ie. 8 < 8iy1+ 8ip2 for i = 1,2,3 (modulo 3), there exists one parity-odd structure. When
the inequality is not satisfied the odd structure is zero. A proof of this using an integral
representation of the correlators was presented in [62]. It was also noted in [61, 62] that a
correlator of the form (J;Js0a), where Oy is a scalar operator with scaling dimension A,
contains only two structures, one parity-odd and another parity-even. Also, a correlator of
the form (JsOa,Op,) is non-zero only for A; = Ay and only has one parity-even structure.
In [61] it was shown that in position space, one can write down arbitrary CFT 3-point higher
spin correlators as multinomials of just a few simple conformal invariants.

A similar exhaustive analysis of CFT correlators in momentum space or spinor-helicity
variables has not been done yet. A helicity basis was used in [63] for studying higher spin
3d CFT correlators. Spinor-helicity variables have been used earlier in the study of CFTs,
see for example [3, 7, 12]. Our goal in this paper is to study 3-point correlators of scalar
operators and conserved spin-s currents in d = 3 CFTs in spinor-helicity variables as well
as in momentum space.

In [2], parity-even 3-point momentum space correlators involving scalar operator and
conserved currents up to spin-2 (stress tensor) were computed by solving the conformal
Ward identities (CWI). These correlators were later obtained using weight-shifting opera-
tors in [11, 12]. In [50], we explored momentum space C'F'T3 parity-odd 3-point correlators
such as (JJOA) by solving CWIs directly in momentum space. We also calculated parity-
odd correlators of the form (TTOa) and (JJJ) using weight-shifting operators, as the
direct use of CWIs became very complex and inefficient. More complex higher spin corre-
lators were not computed directly using momentum space CWIs.!

The main difficulty in calculating complicated correlators such as (T'T'T) is that there
is a high degree of degeneracy in the tensor structures in 3d, both in the parity-even and the
parity-odd sector, which makes it difficult to choose an appropriate basis to write an ansatz
for the correlator. In the parity-odd sector one has to deal with the additional complication
of non-trivial Schouten identities, which makes it difficult to solve for (T'TT)qq directly.
The problem becomes even more complicated if we want to calculate a correlator involving
higher spin conserved currents (J; with s > 2) both for the parity-even and parity-odd case.
In this paper, we overcome this problem by working in the spinor-helicity formalism where
the degeneracy is automatically taken care of. We solve the CWIs in these variables and
then convert the results back to momentum space. In this way we obtain the momentum
space expressions for all correlators of the form (Js, Js, Js,) with spins satisfying the triangle
inequality. We make contact with the counting of structures in [61] by showing that

1See [7] for a calculation of (T'TT)o4a based on dSs tree-level Feynman diagram.



correlators of conserved spinning operators in momentum space have 2 parity-even and 1
parity-odd structure up to contact terms.

In our analysis we split the correlation function into two pieces, homogeneous and non-
homogeneous parts. We show that for the correlation functions we consider the parity-odd
contribution to the non-homogeneous piece is always a contact term. Interestingly, spinor-
helicity variables reveal that parity-even and parity-odd contributions to homogeneous
pieces are completely identical, although they look completely different in momentum space
as well as position space. Moreover, for divergent correlation functions which require com-
pletely different regularization and renormalization for parity-even and parity-odd parts,
the relation between these parts in spinor-helicity variables holds even after renormaliza-
tion. Upon converting spinor-helicity answers to momentum space, we see that the results
for correlators involving spin-s currents can be expressed in terms of some simple confor-
mally invariant conserved structures. In certain cases (such as (T'T'Oy)), the correlators are
divergent in momentum space and require a careful application of the renormalization pro-
cedure, but in spinor-helicity variables they turn out to give directly the finite part without
any renormalization. We also verify some of the results using weight-shifting operators.

The plan of the rest of the paper is as follows. In section 2 we introduce the basic
idea of expressing conformal correlators in terms of spinor-helicity variables and discuss
the preliminary case of 2-point functions. We also discuss some general features of our
3-point function analysis. Section 3 has the results of various 3-point correlators of spin-
ning conserved currents and scalar operators in spinor-helicity variables. In section 4 we
translate these results to momentum space after carefully taking the degeneracies into ac-
count and section 5 has a discussion of the renormalisation of some of these correlators
which have divergences. In section 6 some of these momentum space results are re-derived
using weight-shifting operators acting on seed correlators. Section 7 contains a discussion
of momentum space higher-spin conserved current correlators expressed in terms of 3-point
momentum space invariants. In section 8 we make some important observations, including
the connection between the parity-even and parity-odd parts of a correlator. We conclude
in section 9 with a brief summary and a discussion on future directions of study. At the
end we have a number of appendices supplementing the main text and providing various
technical details. Appendix A outlines our spinor-helicity notation. In appendix B we
describe in detail our terminology of homogeneous and non-homogeneous contributions to
a correlator and discuss how they differ from the usual splitting of a correlation function
into transverse and longitudinal pieces. Appendix C has the technical details of solutions of
various conformal Ward identities quoted in section 3. Appendix D contains useful triple-
K integral identities and appendix E lists the momentum space form of various 3-point
correlators of conserved currents. Finally appendix F contains the required details of some
weight-shifting operators which are used in section 6.

2 Conformal correlators in spinor-helicity variables

Momentum space expressions for parity preserving two and three-point conformal corre-
lators of spinning operators were obtained in [1, 2, 19-22] by solving momentum space



conformal Ward identities. Recently in [50] we derived momentum space expressions for
parity-odd correlators using two different techniques. The first one, following [2], involved
solving conformal Ward identities directly in momentum space. The second one, follow-
ing [11], involved using the technique of spin-raising and weight-shifting operators in mo-
mentum space. In [42, 43] following the position space analysis in [62, 64] it was shown that
one could make use of momentum space higher-spin equations arising from Ward identi-
ties associated to (weakly broken) higher spin symmetry to compute spinning correlators
including the parity-odd ones.

The analysis of parity-odd correlators was restricted to correlators such as (JJO),
(TTO) and (JJJ) due to various technical difficulties. One of the main obstacles was
to identify the correct basis of tensor structures to work with, due to various non-trivial
Schouten identities and other degeneracies in three-dimensions.

In this section, we compute 3-point CFT correlators in spinor-helicity variables. It
turns out that solving for CFT correlators in spinor-helicity variables is a lot simpler than
doing so in momentum space. The reader may wish to refer appendix A at this point to
get familiar with our notation and convention regarding spinor-helicity variables.

We start with an ansatz for the correlator in spinor-helicity variables. To do so, we
use the fact that a Lorentz transformation of the momentum k corresponds to a scale
transformation of the spinors. Therefore, a Lorentz-covariant structure in spinor-helicity
variables is a structure that has the correct scaling based on the helicities of the operators.
An operator O with helicity h transforms in the following way under a scale transformation
of spinors:

OM(N t7IN) = 72O\, N). (2.1)
Therefore, the ansatz for a general correlator is given by

(O™ (k1)O™ (k) O" (k3)) = (1 F1(k1, ko, k3) + i co Fa(k1, ko, k3))

x (12)ts~M=ha (9g)h—ha=hs(37)h2=hs =/ (2.2)

where Fy(ki,ka, ks) and Fa(ky, ko, k3) are form-factors that we will determine by impos-
ing dilatation and special conformal invariance. For parity-even correlators co = 0 and
for parity-odd correlators ¢; = 0, and for the latter the ‘¢’ ensures that the correlator
changes sign under conjugation, since conjugation corresponds to a parity transformation
for spinors.

2.1 Conformal generators

The conformal Ward identities are differential equations determined by the action of the
special conformal generator on a conformal correlator. The special conformal generator in
spinor-helicity variables takes the form [65]:

(2.3)



The action of K on a scalar with A = 2 is given by [12]:
K"0y = —K"0, (2.4)
where
K" = =20, — 2k“0ja O, + k" OpaOf, . (2.5)

The action of K on a scalar with A # 2 is given by [12]:

(0 1 Oa,

Similarly, the action of K on spin-one and spin-two conserved currents is as follows [12]:

— k<
KrJ* = <_z§§K"~ + 22;7%2) Ja

. (T* 1 (0 8)n 20k

where J* = ztJ# and TH = 22T, In (2.5) and (2.7), K* corresponds to the special
conformal generator in momentum space with A = 2. Its action on a conformally invariant

(2.7)

correlator is zero. Therefore, the action of K* on a correlator in which all the operators
have A = 2 will just have a part proportional to the R.H.S. of the Ward-Takahashi identity
of the correlator. When the correlator has operators with scaling dimensions other than 2,
it is convenient to divide them by appropriate powers of k so that the insertion has A = 2.
For a derivation, see [3].

2.2 Two-point functions

In this section we present the expressions for a few two-point correlators in spinor-helicity
variables. These will later turn out to be useful when dealing with transverse Ward identi-
ties associated to spinning three-point correlators. For conserved currents of generic integer
spin s we have the following two-point functions:

2s 19\2s
(T (k) = (e, +75) S ) (k) = (e, +i),) L2
(122 e Y
(T (k)T (ko)) = (e, —icly,) 5oy (T (k)T (ka)) = (e, —icy) 5o
SKo SK2

where cj, and cfjs are the two-point function coefficients of the spin-s current for the even
and odd cases respectively.

2.3 Three-point functions: general discussion

We will now consider three-point functions with spinning operator insertions. The parity
odd sector of a few correlators such as (JJO), (JJJ), and (T'TO) have been studied in
momentum space by solving conformal Ward identities, using spin-raising and weight-
shifting operators and using higher spin equations [42, 43, 50]. In extending our analysis



to more complicated three-point correlators we faced some difficulties as described in the
beginning of this section. However, working in spinor-helicity variables, we are able to
circumvent this problem and get expressions for more complicated 3-point correlators as
described in detail below. We will first introduce the terminology of homogeneous and
non-homogeneous solutions to conformal Ward identities which we will use throughout
this paper.

2.3.1 Homogeneous and non-homogeneous solutions

The action of the special conformal generator in spinor-helicity variables on a generic 3-
point correlator takes the following form:

Rffe JSl JSz J83
kil_l k;z—l k§3_1

where the R.H.S. contains contact-term contributions and is expressible in terms of 2-point

> = transverse Ward identity terms (2.9)

functions. The explicit form of the generator K" is given in section 2.1.
Being a linear differential equation, the general solution of the above is expressible as
the sum of homogeneous and non-homogeneous solutions:

<J51 ‘]52‘]83> = <JS1 J52J53>h + <J51 JSz J83>nh (2'10)

where (Js, Js,Js5)n solves:
f{”< ‘5]1811 ‘s];jl ;inl> =0 (2.11)
kit kg Ry h

and (Js, Js,Jss)nn is a solution of:

Tk JS1 J52 JS3
/{:fl_l k;z—l k§3—1

This distinction will be important to keep in mind since the homogeneous and non-

> = transverse Ward identity terms. (2.12)
nh

homogeneous parts have different structures and properties. One way to distinguish be-
tween the two kinds of solutions in the final answer will be that the non-homogeneous
solution depends on the coefficient of the two-point function. Another way is to make use
of the transverse Ward identities:

<k71 ’ Jsl (kl)JS2(k2)J83 (k3)>h =0

(k1 - Jsy (k1) sy (k2)Jss (k3))nn = WT identity terms. (2.13)
In other words, while the homogeneous solution is completely transverse, the non-
homogeneous solution gets contribution from both transverse as well as local (or longi-
tudinal) terms.

Since the 3-point correlators can be parity-violating, it will be useful to break up

the homogeneous and non-homogeneous parts further into parity-even and parity-odd
contributions:

<J81J82J53> = <J51‘]52JS3>h + <J81JS2J53>nh
<Js1J32J33>h = <J51 J32J33>h,even + <J51J82J33>h,0dd

<J51 J82 J33>nh = <Jsl JSQ J33>nh,even + <Jsl J32J83>nh,odd- (214)



For a detailed discussion on the homogeneous and non-homogeneous contributions to three-
point correlators and their distinction from transverse and longitudinal contributions see
appendix B.

2.3.2 Degeneracy structure

In three dimensions, there exist degeneracies in tensor structures which complicate the
analysis of correlators. The existence of degeneracy is tied to the simple fact that not more
than three vectors can be linearly independent in three dimensions.

The basic problem is that the different tensor structures in the ansatz for a correlator
become linearly dependent due to degeneracies. This affects the analysis of both parity-
even and parity-odd correlators. For the parity-odd correlator, Schouten identities, which
relate various tensor structures involving Levi-Civita tensors, are an additional source of
complication. The main problem is that while solving the conformal Ward identity, one
needs to identify the correct independent set of tensor structures to be able to write down
differential equations for the form-factors. However, this process becomes very complicated
for correlators involving spin-2 or higher spin operators.

An example of such an identity in three dimensions is:

e12R (k- k) + e MRy L gy — PRgY 2R L = 0, (2.15)

where we have used the notation? e*2%1%2 = ¢, ,28'k¥kf. The structures that appear in the
above equation arise in the ansatz for various parity-odd correlators such as (JJO) 44
The above equation then implies that a term with €*1¥1%2 in the ansatz can be eliminated
in favour of other structures.® This, while essential to be taken into account, makes cum-
bersome the correct ansatz with a minimal basis of independent structures.

Other than Schouten identities, there are identities such as [2]:

v 4 2 v 2 v o v v v
5 = ﬁ(k RS + R2RERY — FooJoj (K'Y + RUKY) + nin) (2.16)

where n# = Pk, k, and i # j = 1,2,3. We also have [2]:

Hgg (k]) nanb’ = _kfngz (kj) k(O;'-‘,—l) mod 3]{:6

(j+1) mod 3 j=12,3. (2.17)

Another example of a degeneracy is [20]:

et

pmiv1B1 Uﬁ)Ha?

pava B2 <k2)4!6611 553 klOéQ k2a4] k?g k34

(o
=1I (k1)II (ko) | kS K5 kG2 122
pivian S\ ) M pgvoa B \NV2) [ vg vy g =g

J2
— (K} + k3 — K3)6P P2 kg kg2 — Z(Samaﬁlﬁ? =0. (2.18)
These also allow certain basis structures to be expressed in terms of others. Both
parity-even and parity-odd degeneracies complicate the analysis when computing corre-

lation functions.

2We will often use this notation in this paper.
#See [50] for details of the complete momentum space analysis of (JJO)_,-



One of the advantages of working with spinor-helicity variables is that the degen-
eracies become trivial in these variables. For example, the left hand side of both (2.15)
and (2.18) become identically zero in spinor-helicity variables. One can check that all
the Schouten identities and other identities relating various tensor structures also become
trivial in spinor-helicity variables.

3 Three-point functions: explicit solutions in spinor-helicity variables

In this section we focus on determining C'F'I5 3-point correlators in spinor-helicity vari-
ables. In particular, we compute correlators of the form (J;OAOA), (JsJsOA), (JsJsJs)
and (Js, JsJs) where Js is a symmetric, traceless, spin-s conserved current with scaling
dimension A = s+ 1, and Op is a scalar operator with scaling dimension A. In three di-
mensions, 3-point correlators involving only spinning operators are always finite, whereas
those involving a scalar operator require renormalization for large enough values of A.

We will observe that splitting the correlator into homogeneous and non-homogeneous
parts in the sense explained in section 2.3.1 is useful. As we demonstrate, whenever there
exists a homogeneous parity-even solution to the conformal Ward identity in spinor-helicity
variables, there also exists a homogeneous parity-odd solution and the two are identical
up-to some signs. Interestingly, in the case of divergent correlators, the parity-odd and the
parity-even correlators continue to match even after renormalization, although the renor-
malization procedure for the two differs. Further, it turns out that the non-homogeneous
part is always parity-even. Any parity-odd contribution to the non-homogeneous part is
always a contact term. After the first example in which we present all the details, in each
case we will give the correlator ansatz and then write down the form-factors as solution of
the CWT’s, relegating the details to appendix C.

Notation. A spin s current has various helicity components such as
Joom  Jo e (It Due to tracelessness, mixed helicity components vanish.
Hence the only nontrivial helicity components are J; "~ and J;" which we denote by
J; and JJ, respectively.

3.1 (JsO0aOa)

In this section, we calculate correlators of the form (JsOAOa). The Ward-Takahashi
(WT) identity when the spinning operator is either a spin-one conserved current or the
stress-tensor (i.e. when s =1 or s = 2) is given by the following [2, 12]:

k1 (J#OAOA) = (Oa(k3)Oa(=k3)) — (Oa(k2)Oa(—k2))
k121 (T*OAOA) = (k2 - 21) ((Oa(k3)Oa(—ks)) — (Oa(k2)Oa(—k2)))  (3.1)
where in the second equation we have contracted both sides of the WT identity with null

transverse polarization vectors. It is straightforward to generalise the WT identity to
arbitrary spin-s conserved currents by matching the spin and scaling dimensions on both



sides of the identity. This gives the following;:

2y 2 kg (TP OAOA) = (kg - 21)° 7 ((Oa(k3)Oa(—ks)) — (Oa(k2)Oa(—k2))) -
(3.2)

We will see that the homogeneous part of the correlator is zero. The non-homogeneous
part has the scalar two-point function on the right hand side.* Consequently, the odd part
of the correlator goes to zero as there is no parity-odd scalar two-point function. Thus this
correlator has only a parity-even non-homogeneous part.

As noted in section 2.1, when the correlator involves operators with scaling dimensions
other than 2, it is convenient to divide the insertions by appropriate powers of the corre-
sponding momenta k such that they have A = 2. The correlator itself is obtained at the
end by restoring the powers of k. Keeping this in mind, we start with the following ansatz
for the correlator:

Jo Oa Oa -
<kfs_1 ]<:2A_2 k§_2> = F(k1, ko, k3)(12)%(21)%. (3.3)
The action of the generator of special conformal transformations K is then given by (see
section 2.1):

- - 9, H
Kn< Ji Oa Oa > % Co (kgA’?’—k%A’s)

s—1 A2 ,A-2 ] 72s—1,.A—2,.A—2
ki7" ky 7 kg ky" kg ks

_Oa Oa \ (K5 kg)
A—1)(A-2)(J =2 2 ) 3.4
re-na-2 (g (5-). e
Contracting (3.4) with by = (0%)AaX], be = (07)5"(AaXs + A2aA[) and b, =
(c") 50‘)\20)\5 gives the following:
0*°F  O°F F

_ _ _ _ _ 2 1.2
o o = ® DA -20 -K) (3.5)

ki (O°F O'F\  ky (O°F 0°F\  OF
2 \okz  ok? ) 2 \okk oKz ) "ok

20 -1)(A-2)F
-2 k)z(kz ) ko (k3 + k3 — kiks) (3.6)
23
1 O*’F  O°F ) OF  OF
— - — —5 — =5 F — + = .
4(k‘1 k‘g—i—k)g)( k‘l—i—kg—i—kg) (8[45% 31{:?2)) + s + sko <8k1 + 8k2> (3 7)
k2A—3 . k?A—S F
= Co% + ?<A — 1)(A = 2)(k1 — ko + k3)(—k1 + ko + k3) .
1 3

4A correlator comprising one conserved current and two scalar operators with different scaling dimensions
also vanishes, i.e.
(JsOp,0n,) =0 for Ay #As.



Finally, the dilatation Ward identity is given by:

3
OF
(Zl kak> +2sF =0. (3.8)

The above differential equations (3.5), (3.6), (3.7) and (3.8) can be solved to get:
—A+27,—A+2
F =coky ks S 1 amsasy- (3.9)

where the triple-K integral [2] which occurs in the r.h.s. of this equation is defined in (5.1).
After taking the momentum factors in the denominator of the L.h.s. of (3.3) to the r.h.s.
and using the above result for the form factor we obtain the correlator:

— _ s—1 S/91\S
(J; OAOp) = cok I%+s{%—s,A—%,A—%}<12> (21)°. (3.10)
When cp = 0, there is no non-trivial solution to the differential equations and one has:
(JsOAOpA)n = 0. (3.11)

3.2 (J,J;0n)

In this section, we compute correlators of the form (Js;J;0a) for general spin s. As
discussed in section 2.3.1, we separate out the correlator into homogeneous and non-
homogeneous parts:

<JSJSOA> = <JSJSOA>h + <J5J30A>nh- (3.12)

The correlator (JsJsOa) is completely transverse:
(k1 - Js(k1)Js(k2)On(k3)) = (Js(k1)ka - Js(k2)Oa(k3)) =0 (3.13)

where k - Jy(k) = ky, JH1#2#s(k). This implies that the non-homogeneous part of the
correlator is zero:

<JsJ30A>nh =0. (3.14)

We will now compute the explicit form of the correlators for arbitrary A. We find that
for A > 4, there is a divergence and we need to regularize and renormalize to obtain finite
correlators.

We consider the following ansatz for the correlator (2.2):

Js_(k'l) Js_(kg) OA(k‘g,)
N

¥ (k1) JF (k2) Oa(ks)
MR kP

JS_(kl) JS+(]<J2) OA(kg)
MR kg

> = (01 Fy (lﬁ, ko, kg) +1c9 Fg(k‘l, ks, kg)) <12>25

> = (c1 Fi(k1, ko, ks) — i ca Fy(ky, ko, ks)) (12)%°

> = (dy G1(k1, ko, k3) + i dy Go(ky, ko, k3)) (12)%5. (3.15)

It is interesting to note that the conformal Ward identity gives identical equations for the
parity-odd and the parity-even parts. The details of these equations and their solution are
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provided in appendix C.2 where we also discuss examples for special values of A and s.
Here we give the final form of the solution:

Fi(k1, ko, k3) = Fa(ky, ko, k3) = k?%_AI(%+2s){%,%,A7%}
Gi(k1, k2, k3) = Ga(ki1, ko, k3) = 0. (3.16)

Substituting the form-factor in the ansatz (3.15) we obtain

<J5_JS_OA> = <Js_<]s_OA>even + <Js_Js_OA>odd
= (Cl +i02) (klkg)s_l I(%+28){%,%,A—% <12>2S

<J5+J:OA> - <Js+Js+OA>even + <J;_J;_OA>0dd (3-17)

= (c1 —iea) (kik2)" ™ L1409 (1.1.a-33(12)%

1

27
(J5J50a) =0.

For A > 4, the above triple-K integrals and thereby the correlators are divergent. A

detailed study of the renormalization of these correlators will be carried out in section 5.

We will see that the relationship between the parity-even and the parity-odd parts of a

correlator in spinor-helicity variables continues to hold even after renormalization.

3.3 (JJoJs)

In this subsection we concentrate on the three point function of a general spin s conserved
current Js.° Since the correlator (JsJsJs) satisfies a nontrivial transverse WT identity it
has both the homogeneous as well as the non-homogeneous contributions.

Let us split the correlator into the odd and even contributions:

<<]st<]5> - <J5Js<]s>even + <JstJs>0dd-

It will turn out that (JsJsJs)even has both the homogeneous and the non-homogeneous
contributions whereas (JsJsJs)oqd has a non-trivial homogeneous part but the non-
homogeneous part is always a contact term.

3.3.1 (JJJ)

Let us start our analysis with the 3-point function of the spin-1 current J,. As noted
earlier, for this correlator to be non-zero, the currents have to be non-abelian. The WT
identity is given by [2, 12, 20]:

g (79 (k)T (ko) T (ka)) = (2% (7 (ko). T (= ka)) = JoM (T (ky). T (~ k)

+ [(:gf‘“’dkm<J“d(k3)JPC(—k3)>) T ({2, v) 2 (k?’”z ))] ')
3.18

5 . . . o« .
°If s is odd then we need to consider a non-abelian current to have a non-trivial correlator.

- 11 -



Let us consider the following ansatz for the two helicity components of the correlator:®

(J7(k1)J ™ (k2)J~ (k3)) = (F1(ky, ka, k3) +iFa(ky, k2, k3)) (12)(23)(31) (3.19)
(T~ (k) T~ (ka) T (ks)) = (Gr(kr, ka, ks) + iGa(ky, ko, k3)) (12)(23)(31) . (3.20)

The solutions of the conformal Ward identity are given by (see appendix C.3)

C C
Fy(k1, k2, k3) = E713 + k?lk:;kfg (3.21)
(&) E— 2]{73
ki, ko k) = —————— T .22
G1(k1, ko, k3) GRS +C‘]E(k1k2k3) (3.22)
c d
Fy(k1, ko, k3) = E—g + klkgkg (3.23)
A d;
Ga(k1, k2, k3) = + (3.24)

(k1 + ko — k3)®  kikoks

where c¢; and ¢/; are the parity-even and parity-odd coefficients of the two-point function
of conserved currents (see (2.8)). The terms proportional to c¢1, ¢} and ¢, ¢ are the ho-
mogeneous solutions to the differential equations and those proportional to ¢y, c; are the
non-homogeneous solutions. Since G(k1, k2, k3) and G (k1, k2, k3) both have an un-physical
pole when ki + ko = k3, we set the coefficients of these terms to zero, i.e. co = ¢, = 0.

Summary of the solution. Taking into account both the parity-even and the parity-odd
contributions, we obtain:

)T (k)T (k) = (2 + L) a3y gy (3.25)
(7 ()T~ ()T () = (<cJ Lidy) - J2§3) (12)(23) (31) (3.26)

In the next section, we will convert these expressions into the momentum space and see
that the non-homogeneous contribution to the parity-odd correlator (term proportional to
;) becomes a contact term.

3.3.2 (TTT)

Let us now consider the correlator with three insertions of the stress-tensor operator. The
transverse Ward identity satisfied by the correlator is given by [2, 12, 20]:

21k (T (k)T (ko) T (ks))

21 - ko) (T(ky + k2)T(k3)) + 2(z1 - 22)kapz (T (k1 + k2)T(k3))

21 - ka) (T (ky + k3)T (ko)) + 2(z1 - 23)ksuzs, (T (ky + k3)T(ka)) (3.27)
ki + k)T (k3)) + (21 - 22)k1,20, (T* (ki + ko) T (k3))

+ (k1 - 23)21M23,,<T“V k1 + k3)T(k2)) + (21 - Z3)k1uZ3V<T“V(k1 + k3)T'(k2))

+ ]ﬁ . 22)Z1u22y<T“V

SWe will suppress the color indices which amounts to suppressing an overall factor of f@%.
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where T'(k) = z,2,7" (k). Thus the correlator can have both homogeneous and non-
homogeneous solutions for the parity-even and parity-odd correlation functions. The
parity-even solution was already discussed in [2]. The parity-odd homogeneous contribu-
tion was computed in [7] using Feynman diagram computations in dSs. Here we reproduce
the same result by solving the conformal Ward identities. We also get a nontrivial non-
homogeneous contribution to the parity-odd correlator which in momentum space turns
out to be a contact term.

(T'TT)even- The parity-even contribution to the correlator (TTT)even is given by [2, 12]

E? — Ebjgg —
el 6513263 top 2123 0123> <12>2<23>2<31>2
C123

<T_T_T_ >even - (

(E — 2]{33)2(E3 — Eb123 — 6123)
B2y

(T™T" T )even = C1 (12)%(23)%(31)? (3.28)
where bjog = (k1k2 + koks + ksk1), ci23 = k1keks, and ¢p comes from the parity-even two
point function of the stress tensor (2.8). The terms proportional to ¢; and cp are the
homogeneous and the non-homogeneous contributions to the correlator respectively.

(T'TT)oda- The parity-odd part of the correlator can be solved analogously (see ap-
pendix C.4 for details). The answer is given by

T-T- T~ 1 E3 — Ebjog —
< T kk> - ("JIEG ter T cm) ey 20
1 R2 R3[4 €123

k1 ko k3

T-T-TF E — 2k3)?—(E — 2k3)(b1a3 — 2k —o =
< > _; (C,T( 3)°—( 33)( 123 3a12) + 0123) (12)2(23)2(31)?
odd Cl23

(3.30)

where a19 = ki1 +ko, biog = k1ko+koks+kiks and c193 = k1 ko k3 and c’T arises in the parity-
odd two point function of the stress tensor (2.8). The terms proportional to ¢} and ¢ are
the homogeneous and the non-homogeneous contributions to the correlator respectively.

Summary of the solution. Taking into account both the parity-even and the parity-odd
contributions, we obtain:

(T (k)T (k)T (k3))

. €123 ,\ B3 — Ebjag — c193
= | (c1 +ic}) w6 T (er +ich) = } (12)%(23)%(31)? (3.31)
(T~ (k)T (k2)T" (ks3))
_ (E — 2k3)?(E® — Ebjas — c123)
L ’ E2C%23
(E — 2]{'3)2 — (E — 2]€3)(b123 — 2]€3 CL12) + C123

i, } (12)2(23)2(31)2.  (3.32)

3
€123
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The other helicity components of the correlator can be obtained by complex conjugating
the above results.

In the next section, we will show that the non-homogeneous contribution to the parity
odd correlator (the term proportional to ¢/ in (3.31)) is a contact term. Thus the only
non-trivial contribution to the non-homogeneous piece in the correlator comes from the

parity-even part.

3.3.3 (JsJsJs) for general spin: the homogeneous part

In this subsection we generalize the above discussion to the three-point function (JsJsJs)
of arbitrary spin s conserved current. We first split the correlator into homogeneous and
non-homogeneous pieces, and then separate them into their parity-even and parity-odd
parts as indicated in (2.14). The non-homogeneous piece (JJsJs)nn requires us to know
the WT identity which for general spin is quite complicated. However, on general grounds
we can argue that the parity-odd part of this term, (JsJsJs)nhodd, iS a contact term for
general spin s. We refer the reader to section 8.1 for details. In the rest of this subsection,
we focus on obtaining the homogeneous part of the correlator which does not require the
WT identity.

Homogeneous solution. For the homogeneous solution, the parity-even and the parity-
odd contributions are again the same in spinor-helicity variables. We start with the fol-
lowing ansatz for (JsJsJs)n:

o Ts o N Bk, ko, k) (12)°(23)°(31)° (3.33)
kl k2 kS h

- - g+

To To TSN Gk, k, k) (12)° (23)° (31" (3.34)
MR R,

Since we are focusing on the homogeneous part, the action of the conformal generator is
given by:

—~ J- J- JT —~ J- J- Jt
K< A/ > o, K< A/ > o (3.35)
Ry kK h ki Ry kg h

The action of K* on the ansatz, after dotting with b, = (o“)ﬁa(AmAfj + )\3a)\g), becomes

oF OF 82F  9*F RPF  O2F
25 (o m B gy (25 - ) e (S - 20 ) = |
S<8k2 ak3>+ 3(%3 8k§> 2(@;@ ak%) 0 (3.36)
oG oG 592G 5@ 92  92¢
25 (oo L 00N g (25 05 g, (25 25 ) . |
S(ak2+ak3> 3(@1@ 8/<:§> 2(@1@ a@) 0 (3:37)

The dilatation Ward identity is given by:

3 3
OF oG
<§ k"al@') +3sF =0, (E kiam) +3sG =0. (3.38)

=1 i=1
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The solutions for F' and G are then given (see appendix C) by

C1
E3s

G(ky, ka, k3) = 0. (3.40)

F(klak27k3) = (339)

Summary of result. Considering the parity-even and the parity-odd contributions we
obtain the homogeneous part of the correlator:

1
(J5 I3 I3 )n = (en ek ks kS 5 (12)°(28)°(31)°, <J;J;J:>h —0. (3.41)
The other helicity components can be obtained by a simple complex conjugation.

3.4 (Jo,JoJs)

In this subsection we generalize the above discussion to three-point correlators of the kind
(Js, JsJs) for arbitrary spins s and s;. We again find it convenient to split the correlator
into various parts as in (2.14). The WT identity for (Js, JsJs) for general spins s and s;
is quite complicated. However, as discussed in section 8.1, we can argue that the parity-
odd contribution to the non-homogeneous part, (JsJsJs)nhodd, is a contact term. In the
following we will calculate the homogeneous and the non-homogeneous contribution to the
correlator (T'JJ). For general spins s and s;, we present only the homogeneous solution.

3.4.1 (TJJ)

Let us consider the correlator with a single insertion of the stress-tensor operator and two
insertions of the spin-one current operator. The transverse WT identity is given by [2, 20]:

Fa (TH (k1) TP (k2) J7 (k3)) = k3™ (JH (k1 + k3)J? (k2)) + k6™ (J¥ (k1 + k2)J7 (K3))
— ks (J7 (k1 + k3)JP(k2)) — kaw (J? (k1 + k2)J7 (K3))
kop(TH (k1)JP(k2)J? (k3)) =0. (3.42)
Since the WT identity is not trivial, the correlator can have both homogeneous and non-

homogeneous solutions for the parity-even and the parity-odd correlation functions. The
parity-even solution was already discussed in [2, 20)].

(TJJ)even. The even part of the correlator was calculated in [2, 20] in momentum space
and it is straightforward to convert that into spinor-helicity variables:

(T~J~J7) = c1%(12>2<13>2

(TtJ~J7)y=0
E—}—k‘l

(T~ T J") =ci=—5rs
k?E?

(12)%(13)? (3.43)

where the term proportional to c; is the homogeneous term and the term proportional to
cy is the non-homogeneous term.
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(TJJ)oaa. Let us now consider the parity-odd contribution to the correlator. In the
parity-odd case the transverse WT identity (3.42) gives:

k1, (T (k) JP (k2) J° (k3))oad = ¢ (kQVePUkB + k3, 0Pz — grpeoksk _ 5”%0’“2’%) (3.44)

where we have used (J(k1 + ko) J?(k3)) = —c;¢®P*3. Interestingly it turns out that the
R.H.S. of the above equation vanishes upon using a Schouten identity. Thus, in addition to
the trivial transverse WT identities w.r.t. k5 and kg, we have the following trivial transverse
WT identity:

o (TP (y ) TP () T (K3))oaa = 0. (3.45)

This immediately implies that the parity odd part of the non-homogeneous part of the
correlator is zero:

(TH (k1) J?(k2)J (k3))nh,odd = 0. (3.46)

We now turn our attention to computing the homogeneous contribution. Let us start with
the following ansatz for (T'JJ)oqq:

-
<JJ> =i F(ky, ko, k3)(12)%(13)?,
ki odd

<T_JJ+> Gk, K, k) (12)2(13)
odd

Ky
T . To\2/T2\2
—JJ =i H(k1, ko, k3)(12)°(13) (3.47)
ki odd
The solutions to the resulting CWIs are given (see appendix C) by:
c ¢
F(ky, ko, k3) = =, G(ki, ko, ks) = H(ki,ko,k3) =0. 3.48
( 1, 2, 3) E47 ( 1, 2, 3) E4(k2+k'3—]€1)2’ ( 1, 2, 3) ( )

Since the solution for G has an unphysical pole, we set its coefficient ¢, = 0. Substituting
the above form-factors in the ansatz (3.47), we obtain the following:

. .,k
(T=J"J )odd:zciE—Z<12>2<13>2 (3.49)
N —
(TT I T eqq = —i c'lﬁ(12)2<13>2. (3.50)

The other helicity components of the correlator are zero.

Summary of homogeneous contribution to (T'JJ). Adding up the contribution
coming from the parity-even and parity-odd parts we obtain

(T=J J )p=(c1+ic)) %<1z>2<13>2 (3.51)
(TTJ TN = (c1 — i) %(IQWIW (3.52)

with all other components being zero.
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Summary of non-homogeneous contribution to (T'JJ). As discussed above, the
parity-odd contribution to the non-homogeneous part of the correlator vanishes. Thus
from (3.43) we have the following for the non-homogeneous part of the correlator:

EF+Kk

(T™J"J")an = 555~
IIE?

(12)%(13)2 (3.53)
with all other components zero except the one obtained from complex conjugating (3.53).

3.4.2 (Js, JsJs) for general spin: the homogeneous part

Homogeneous solution. We start with the following ansatz for (Js, JsJs):

JS: JooJg 25—
- 5 = F(ky, ko, k3)(12)°1(23)“5751(31)"*

< Jo J7 JF

= G(ky, ko, k3)(12)°1(23)25751(31)51
kisl—l k;—l k§—1>h ( 1, h2 3)< > < > ( >

J;_ Js_ Js_ s 9\25—5s1 /91\S
Ty ) = H(k, ke, k3)(12)°1(23) 1(31)°t. (3.54)

In our analysis, we assume that 2s > s;. The action of the conformal generator on the
homogeneous part is given by:

—~ J- R b —~ Jt - JT —~ J- - Jt
Kﬁ< 51811 {il {51> :Kﬁ< slsil {84 i51> :Kﬁ< slsil {il {51> = 0.

(3.55)

The solutions for F'; G and H are given (see appendix C) by:

Flky ko, ks) = e, Glba ko hs) =0, H(ka, by, ks) = 0. (3.56)
We will now summarise the results for the homogeneous solution.
Summary of homogeneous contribution to (Js, JsJs).

(Jo, s I3 ) = (e1+ich) w<12>51<23>25_51<31>31 (3.57)

F2s+s1
(JE TSI In =0 (3.58)
(Jods TS In =0 (3.59)

while other components can be obtained by complex conjugating the result in (3.57).

4 Conformal correlators in momentum space

In this section we present the results for higher spin C'F'T3 correlators in momentum space.
As explained in section 2.3.2 a direct computation of parity-odd correlators in momentum
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space becomes complicated due to the large amount of degeneracy in 3d. Rather than
solving the CWIs directly in momentum space, we convert our expressions for the cor-
relators in spinor-helicity variables obtained in the previous section to momentum space.
The simplest way to do this is to write down the ansatz for the correlator in momentum
space and convert it to spinor-helicity variables. One can then compare it to the explicit
results in spinor-helicity variables and solve for the form factors. For correlators involving
higher spins, this procedure also becomes complicated, and in such cases we make use of
transverse polarization tensors to represent the answers.

4.1 Two point function

Two-point functions of various conserved currents are as follows:

(T ()T () boaa = ¢yt PO H o = e W
(T (RYTP (k) )aa = A (KK (T (Y97 () e = e T97 ()R
where
AP () = PR () 4 TR avP (k) 4 PR e (k) 4 PR (k) (4.2)
4077 () = % (72 (k)77 (k) + 7 (k)P (k) — 7 (k)7 (k) (4.3)
T (k) = 6 — kZ’; (4.4)

For arbitrary spin s, we have the following expression for the two-point function after
contracting with polarization vectors:

<Js(k)<]5(*k?)>0dd = C;GZlZQk (Zl . ZQ)S_lk;2(S—1)

(To(B) To(— k)Y even = s (21 - 22)°k25 1, (4.5)

From (4.5), it is clear the parity-odd two-point function for a spin-s current is a contact
term as it is analytic in k2.

4.2 Three point function

The parity-even sector of momentum space 3-point correlators involving spin 1 and spin
2 conserved currents and scalar operators of arbitrary scaling dimensions was obtained
by solving conformal Ward identities in [2, 19, 20, 22]. The parity odd sector of CFTj
was studied for specific correlators using momentum space Ward identities and weight-
shifting operators in [51]. In this section we convert the spinor-helicity expressions in
the previous section to momentum space expressions and obtain parity-even as well as
parity-odd three point correlators comprising generic spin s conserved currents and scalar
operators of arbitrary scaling dimensions.

4.2.1 (JsO0aO0A)

In this section we give the momentum space expression for correlators of the form
(JsOAOp). As discussed earlier, the parity-odd part is zero. The parity-even part is
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straightforward to write down from the spinor-helicity expressions. For general spin-s, it
is given by:

(JsO0AOA)even = Clk%S_II%-i-s,{%—s,A—g,A—g}(k2 z21)°. (4.6)
Let us now consider the correlator for some specific values of s and A.
(JsO202). For A =2, we have
<J50202>even = Clk%s_lfé+s’ %—S,%,%}(kZ . 21)5 . (4.7)

For s =1, s =2 and s = 3, we have

1

JO202)cven = €1 (k2 -
(70202) ey + ) 2 )
2k1 + ko + ks 2
TO202)even = 1775 (k2 - )

8]{% + 9k (ko + k3) + 3(ko + k3)?

ko 21).
(k1 + k2 + k3)3 (ke - 21)

<J3O202>even =C

(T'O303). For s =2 and A = 3, we have

k3 + k3 + k3 + 2(k? + koks) (ko + k3) + 2k (k3 + koks + k3)
(k1 + ko + k3)?

(k‘g . 21)2 .
(4.9)

<TO3 O3 > even — C1

Let us now consider the three-point correlator with two insertions of the spin-s conserved
current and a scalar operator of scaling dimension A.

4.2.2 (J,J,0n)

In this section we determine the momentum space expression for correlators of the kind
(JsJsOp). We first discuss the s = 1 and s = 2 cases in detail. We then present the final
result for the general spin case expressed in terms of a transverse polarization tensor.

(JJOA). The correlator is purely transverse and the even part of it takes the following

form in momentum space [22]:
(T (k1) T (k2) O even = At (ki ko, k)t (ko )f (ko) [k S — x0°7] (4.10)
where the form factor A(kq, k2, k3) is given by:

Av(Krs k2, k3) = Is (11 A 3y (4.11)

nlw

and

1
X = 5kt + k2 + k3) (k1 + k2 — ks). (4.12)
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As an example let us consider the case when the scaling dimension of the scalar operator
is A = 2. In this case, after evaluating the integral (4.11) we obtain the form factor in the
ansatz (4.10) to take the form:

1

Al(klyk%k?)) = m .

(4.13)

Let us now consider the parity-odd sector. In [51] we computed (JJOA)oqq by imposing
conformal invariance and obtained:

(T (kt) T (k) Oks))oaa = 7t (k) (k) [A(kr, ko, ) e R + Bk, ko, k) 152 kg |
(4.14)

where

k2(11/€2 + Igky - k‘g)
Ak, ko, k3) = 25+
B k%([gk% + 11k - /{?2)

B(k17k2a ]f3) - k%k% —_ (kl ] k2)2 (415)

where I; and Iy are the following two triple- K integrals respectively:

II =C I%{—%,%,A—%} (416)
IQ = —C1 Ig{%v_%vA_%} (417)
We further verified our results by computing the correlator for A = 1,...,5 using weight-

shifting operators and matching with the results obtained above.
Again, when A = 2, after evaluating the above triple-K integrals we obtain the form
factors in (4.14) to be:

ko
(kil + ko + ]433)2 ((k‘l — ]4:2)2 - k’%)
k1
(k‘l + ko + k3)2 ((k‘l — k2)2 — k‘%) ’

A(k17 k?) k3) = -

B(ki, ko, ks) = (4.18)

Note that, as expected there is a total energy singularity when F = ki + ko + kg — 0.
It seems from the above expression that there is also an apparent collinear divergence
when any two momentum vectors are proportional to each other. In this case, momentum
conservation implies that all 3 momenta are along a line and it is easy to check that the
((k1 — k2)? — k3) factor in the denominator above vanishes. However, in this case the
numerator of the full correlator also vanishes appropriately, leaving the correlator finite.
Hence as expected the correlator has no singularities other than the £ — 0 singularity.”

"There is also an alternative form of this correlator (see eq. 5.16 of [50]) using which it is easy to see
that there are no collinear divergences.
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(TTOA). The transverse and traceless part of the correlator in three dimensions is given
by [22]:

<Tu1V1Tu2V20A>even = _2k%k%A1Hu1V1aﬂ1(kl)Huzuzaﬁz(k2)(k261kg2 - X‘Sﬁlm) (4-19)
where
Ar(kis ko, k) = e1ls 11 A3y (4.20)

and x is defined in (4.12). For the case when A = 2 one obtains the following:

1

Aq(k1, ko, k3) = (CETETS

(4.21)

Let us now consider the parity odd contribution to the correlator. In [50] we obtained the
momentum space expressions for (TTO1)oqq and (TTO2)0qq using spin-raising and weight-
shifting operators. We will now use the expressions we obtained in spinor-helicity variables
for (TTOA), for a generic A, to obtain a momentum space expression for the same.

We start with the following ansatz in momentum space:
(Tyvn Tz Onoda = TS5 (ke )T1G252 (Aleﬂwklaul”? + A26”1“2k26”1”2) . (4.22)
Symmetry considerations tell us that:
As = —A1(k1 < ko). (4.23)
Dotting with transverse, null polarization vectors, we get
(TTOA)odqd = A1€¥151%2 21 - 25 — Ay (k1 > ko)eb251%2 ) . 25 . (4.24)
Converting into spinor-helicity variables we get:

Alkl — Al(k‘l <~ ]432)]{:2

T~ T"Op)odd = 12)*
< A) dd 4k%k‘% ( > (4 25)
Arky + Ay (k ko)k '
(T~T~On)oad = 1R+ 1(2 1QH 2) 2<12>4_
Comparing (4.25) and (C.14), we get the following for the form factor:
_ 2.3

which matches the form factor (4.20) that appears in the even part of the same correlator.
Let us now come to the case where the spinning operator in the correlator is a generic spin
s conserved current.
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(JsJsOa). As mentioned in the introduction to this section, for correlators involving
higher spin operators, it is convenient to introduce transverse polarization tensors. It is
straightforward to write down the momentum space expression for these correlators from
their expression in spinor-helicity variables. This can be done upon observing that

[haehinis — gy 1) s 512)2
(4.27)

—

- 1
(5 F) (% ) + 5 B(E — 2h3)7 - 52] s (12)2

We then have

-

(JsTsOn)even = (kiks)* ' a3y [2 ) (B Rr) + E(E — 2kg)%1 - 5] (4.28)

13s(h
<JstOA>odd _ (k1k2)8_1]%+2s{%,%,A—%} [k‘Q 6k‘1z1z2 o k’l 6k221z2}
— — s—1
x (2021 Bo) (2 - Br) + B(E = 2k3)21 - 5] (4.29)

Let us now look at this correlator for specific values of the scaling dimension of the scalar
operator.

(JsJsO01). For A =1, the correlator is given by:

<JstOI>odd _ (k1k2)s—1 [kg 6k1z1zz o k’l 6k2z122}

1

k.3E25
N — N — N 5 8—1

x [2021 - Bo) (2 - Br) + B(E - 2k3)21 - 5] (4.30)

(JsJsO2). For A =2, the correlator is given by:

1
<JstO2>odd — (klk,z)s—lﬁ |:k2 6k:1z1zz _ k’l ekzzle}
s—1

x (2021 Bo) (2 - Br) + B(E — 2k3)21 - 5] (4.31)

(JsJsO3). For A =3, the correlator is given by:

1 (E+ (25 —1)k3)
E2s

= = s—1
x [2(51 o) (25 - k1) + B(E — 2k3) 7 - 52} . (4.32)

(JsJ5sO3)0aa = (k1k2) [kQ . kaﬂ

4.2.3 (T J.J,)

We will now determine the correlator (JsJs.Js) in momentum space. We first discuss the
s =1 and s = 2 cases in detail. For the case of general spin, we present only the final result
expressed in terms of transverse polarization tensor. For this, we restrict our attention to
the homogeneous part. For the parity-odd part of the correlator, the non-homogeneous

contribution is always a contact term.
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(JJJ). Unlike (JgJ;Ona) the correlator (J.J.J) is not purely transverse and it has a local
term given by [20]:

UWJWW%Mleg(ﬁ“umwgf%—@»—f“ﬂfﬂ@ﬂme%gﬁ
1
+ ((k1, 1) > (k2,v)) + ((k1, p) <> (kg,p))l

(4.33)

k‘f kg abd ad pc
+ Kkgkz S k2 (T (k3) ] (—k:s)))
12

+ ((k1, 1) <> (K3, p)) + ((k2,v) < (ks,p))l-

The transverse part of the even part of the correlator denoted by (jH1®: j#292 #3033 was
computed in [20]:

(JH0 122 908 e, = el (b )12 ()l () [ AT RS RG2S + Ap3™12
+ Ao (s, by, k)07 %k + Ao (ka, ks, k)52 k5 | (4.34)

where the form factors are given by:

Ay = 201
L= (kl + ko + k3)3
2
Ay = ¢ — 3 _ ¢ (4.35)

(k1 + ko +k3)?2 (ky+ ko +k3)

Here and in the following we suppress the color indices for brevity. After dotting with
transverse, null polarization vectors, the correlator can be separated into homogeneous
and non-homogeneous parts as follows:

(4] 2(k2 . 21)(k3 . ZQ)(kl . 2,‘3)
JJJ even,h —
< Jeventh (k1 + ko + k3)? (k1 + ko + k3)
+ (k3(z1 - 22) (k1 - z3) + cyclic perm.)
2
(JJJ)evennh = — S (21 20)(ki - z3) + cyclic perm.) .

(k1 + ko + ks3)

In [50] we computed the odd part of (J.JJ) using the action of spin-raising and weight-
shifting operators on a scalar seed correlator. The correlator is given by the sum of its
local terms (4.33) and transverse parts. The latter is given by:

(550 57V oaa = mh (k1 ) (ko) (kg) X 407 (4.36)
where

Xy = Alekleak¥k§ + AgeFrh2a587 1 AgehioB ) 4 A4ek1°‘7k§ + cyclic perm.  (4.37)
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where

2 1
A = — A e —
! ki(ky + ko + k3)3’ ? (k1 + k2 + k3)?
As ki + ko +2k3 Ay k1 +2ko + k3 (438)

- ki(k1 + ko + k3)? ‘

After dotting with transverse polarization vectors, the correlator can be rewritten in the

" K (ky o+ ko + k)2’

following form using Schouten identities:

/
<JJJ>odd,h = % |:{(k1 . 5’3) (6k3z1z2k1 _ 6k1z1zzk.3) + (kg . 5'2) (6k1z123k2 - ekgzlzgkl)
k
—(Zy - B)frken g 4 ?lezmzi”E(E - 2]4:1)} + cyclic perm]
<JJJ>odd,nh = C&€Z12223 . (4.39)

We see that the non-homogeneous part of the parity-odd part of the correlator is a contact
term. This term can be explained from the dSs perspective by considering the three-point
tree-level amplitude arising from the interaction term F F.

In the rest of this section we obtain the momentum space expressions for the correlators
(I'JJ) and (I'TT). As described in section 2.3.2, a direct computation of these correlators
by solving the conformal Ward identities in momentum space is quite difficult.

Our strategy to circumventing the difficulties follows our approach in section 4.2.2
to obtain (T'TOA). We start with an ansatz for the correlator in momentum space and
then convert it into spinor-helicity variables. We then compare it with the explicit results
obtained in the previous section. This gives us algebraic equations involving the momentum
space form-factors which can then be solved.

(I'TT). The momentum space expression for the even part of the correlator (T'T'T)
was obtained in [20] and it was shown to have two structures. We will now obtain the
momentum space expression for the odd part of the correlator.

In (3.29) we obtained the following result for the parity odd part of the correlator
(T'TT) in spinor-helicity variables:

: E3 — Ebjaz — c12:
(T~T~T )oaa = ( o ) (12)%(23)*(31)°
€123

; (4.40)
(E — 2k3) — (E — 2]453)([)123 — 2]4:3@12) + C123

(T~T T )oaa = & .
C123

(12)%(23)%(31)2.

Let us consider the following ansatz for the transverse part of the correlator:

<TN11/1 TMszTH3V3>Odd — M (kl)HMVQ (kQ)HM?’V?’ (kg) (A16k1k2a1 6k51k2052 6k1k20¢3 ]Cf?’ k.gl k§2

11 B2 asfs
+ Agefrkzos s poap B poa bl Ay (kg ¢ kg)eb2hooz g2 0 s pon

+ Ag(ky > kg)erh2o G2 R R K ) (4.41)
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One could have started with a more general ansatz with many more tensor structures than
exhibited by (4.41). However, it turns out that there are several Schouten identities that
relate those tensor structures and upon using them one ends up with the minimal (and
complete) ansatz in (4.41).8

Contracting with null and transverse polarization vectors, we get

<TTT>Odd = A1€k3klzl krkaz k2k3z3 (k‘Q Zl)(kg : 22)(/{1 . 23)
+ AQGkaSZS(k1 Zg)(kg 22)2(/€2 . 21)2 (4 42)
+ Ag(kg > kg) krkzz2 (k‘l 23)2(k3 . 22)(16‘2 . Z1)2 ‘

z3)

+ Ag(kl <~ k3)6k3klzl( 23 2(1(53 . 22)2(1{22 . Zl) .
Converting this into spinor-helicity variables, we get

2 J4 (A10123 + A2k’3 — Ag(kg — kg)kz — Ag(k‘l — kg)kl)
(E — 2k3)2ciqs
2J4 (A16123 + Asks + Ag(kg > ]{73)]6'2 + Ag(k‘l > ]fg)]ﬁ)
E2cly

(T~T~TT) = (12)%(23)%(31)

(T~T~T7) = —(12)%(23)2(31)
(4.43)

Comparing (4.40) and (4.43) and solving for the momentum space form factors we get:

A , 12(kf + k3 + k3)
Ci23 it R+ A3

T T = (4.44)
17120123 (k3 + T3 (kT + k3) + 4(Kki + 4KkTk3 + k3))

Naively it might look like there are two contributions to the parity-odd correlation function.
However, as will be shown below the term proportional to ¢/ is a contact term.

Contact term in parity-odd (T'TT). The fact that the term proportional to cp is a
contact term can be seen more explicitly by switching to a basis where the factor of J* in
the denominator disappears. One such basis is given by:?

<TTT> = {Bleklzle (2’1 . 22)(]61 . 23)2 — Bl(kl — k2)6k22122 (21 : ZQ)(kl . 23)2
+ Byefrs122 (21 - 23)(22 - 23) — Ba(k1 < k‘2)6k22122 (21 - 23) (22 - 23)} (4.46)

+ cyclic perm.

8Schouten identities that turn out to be useful are given in appendix C of [50].

9This choice of basis is not unique. One can find several other bases in which un-physical poles do
not appear. To do this, we start with the most general ansatz for (T'T'T) containing all possible tensor
structures. We then solve for the form-factors in this most general ansatz by relating it to the known answer
for the correlator. Not all the form-factors in the ansatz are fixed this way and those that are not fixed can
be set to zero. Which of them are set to zero is a choice made while solving and different choices lead to
different bases.
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The ansatz in (4.46) is related to (4.42) by Schouten identities. Converting (4.46) into
spinor-helicity variables and comparing with (4.43), we can solve for B; and By. We get
the solutions for the terms proportional to ¢} to be:

By = c'T2i4, By — c/T% (k:% + Zkg + Zk%j) . (4.47)
The fact that B; is a constant and B, is dependent on k? implies that if we evaluate
(TTT) in the basis (4.46) and convert it to position space, we will get delta functions
or derivatives on delta functions which are nothing but contact terms. Since the odd
non-homogeneous part is a contact term, the full (T'T'T") correlator has only 3 non-trivial
contributions, 2 parity-even and 1 parity-odd conformally invariant structures. This agrees
with the analysis of [62].
From the dSy perspective this contribution to the correlator can be understood to arise
from the WW interaction. The WW interaction also reproduces the parity-odd two-point
function of the stress tensor.

(JsJsJs). For general spin s it is easy to write down the homogeneous part of (JsJsJ)
in momentum space using the transverse polarization. The answer is given by:

<JstJs>even,h = (klek?))S_l

— —

1 . . IR R . s
X l:E'g{Q (Zl . k:g) (ZQ . k:g) (Zg . kl) + E{kg (21 . 2’2) (2’3 . kl) + CyChC}}:|
(JsTsTs)odan = (kikaks)® ™

1

X ﬁ |:{(E1 . 23) (ek3Z122k1 - 6k12122k3> + (E;g . 2’2) <6k12123k2 _ €k2z1z3k1)

k
—(Zy - )Mk g 4 ?16Z122Z3E(E - 2k1)} + cyclic perm]

—

s—1
X [E13{2 (21 ko) (Z2 - k3) (B3 - k1) +E{ks (21 - 22) (% - k1) + cyclic}}] .

(4.48)

The parity-odd contribution to the non-homogeneous piece is just a contact term.

4.2.4  (JauJoJs)

We will now look at correlators of the form (JosJsJs). We focus the discussion on the
(T'JJ) correlator and also give the results for the (J4TT) correlator.

(TJJ). We saw in (3.42) and (3.45) that the odd part of the correlator (T'J.J) satisfies
trivial transverse Ward identities.!® We also note that in three-dimensions the trace Ward

10As a result the non-homogeneous part of this parity-odd correlator is zero. One can understand this
from the dS4 perspective by the following argument. The only interaction term that could possibly have
contributed to this correlator is FF. However since this term is independent of the metric the contribution
from it to (T'JJ) is zero. In fact there is no interaction term that one can have from the gravity side that
contributes to the non-homogeneous parity-odd part of (T'.J.J).
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identity obeyed by this correlator is trivial. Taking these into account we write down the
following ansatz for the correlator in momentum space:

11

(TH (k) T4 (K2) '3 (K3))oaa =gy 5, (K )mh2 (k2)mhi (ks) (Aﬂcg‘l kg2efrosh

+A2kg1k§zzeﬂ1a3k3 +A36a1a2661a3k1 +A45ala2€510¢3]€3) .

(4.49)
Let us now contract this with polarization vectors and this gives:
(TJJ)oda = Ay (kg - 21) (ks - 22)€"151%8 4 Ag(ko - 21) (ks - zp)€er31%2
+ As(z - zz)eklzlz‘”’ + Ay(z - 22)61{73212:3 ) (4.50)

We now convert this expression into spinor-helicity variables to obtain:

N (12)2(13)?
<T JJ >odd =-S5 (2A3k1—2A4k‘3+(l€1—kQ—kg)(kl—kg—i—kg,)(Alkl—Agkg))
8kikaoks
12)%(13)?
<T+J—J_> = # (2A3k1+2Aaks+ (k1 +ka+ks) (k1 + ko — k3 ) (A1k1 + Az2ks))
odd 8]{311{32]{53
S 12)2(13)?
T-J-J* :<72Ak 2A4ks3+ (k1 —ka—ks) (k1 —ka+ks)(A1k1 + Ask
< >Odd SkZkoks (2A43k1+2A4ks+ (k1 — ko —k3) (k1 —ka+k3) (A1k1 + A2ks))
I 12)2(13)?
T-JtJ :<72Ak—2Ak ki1+ko—k3)(ki+ka+ks)(Arkr—Aaks)) .
< >Odd $kZhoks (2A43k1 akz+ (k1 +ko—k3) (k1 +ko+k3)(Arky — Agks))
(4.51)
We obtained the following explicit results for these correlators in (3.49):
I k1
(T™J 7T )oaa = c1 57 (12)(13)° (T T~ T Voad = 0
(4.52)
(T~ T J )oda =0 (T7J"J )oaa = 0.
Comparing (4.52) and (4.51), we get the following solutions for the form factors:
kik -
A =23 Ay = k1ks (k1 + ko — k3)
ol 9E3 (4.53)
PR s — g RO £ Ko — k)
2T tTTa 2E3

Plugging back the solution (4.53) in (4.50) we obtain:

k
(TTT)oaa = 551 (~2(ks - 22) (ke - 21) + BE = 2ks) (21 - 22)) (ka5 — haeh151% ) (4.54)

which matches the result in [51] obtained by computing a tree level dSs amplitude.
The solution (4.54) is not manifestly symmetric under a (2 <+ 3) exchange in this basis.
However, we can use Schouten identities to convert the ansatz (4.50) to the following form
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where it is manifestly symmetric under a (2 <> 3) exchange:

<TJJ>Odd = BlekleZl (k‘l . Zl)(kl . 23)(]{3 . 22) + B2€k1k221(k2 . 21)2(/{1 . Z3)
+ BglekQZs(k‘Q . 2‘1)2(1{23 . ZQ) + B4€klk221 (k‘g . Zl)(ZQ . 2’3) . (455)

The relation between the form-factors in the two bases (4.50) and (4.55) is given by:

By = % (444((k — K3)? + 2(k3 + K3)k3 — 3k4) — 2(Aa (k] — k3) + (A1 — 242)43)
X ((k} = k3)2 — 2(k7 + K3)K3 + k3) + 4A3(—3k + (k3 — k) + 2k (K3 + k3) )
By = — 10 (R(-24083 + Ag(K + 1 — 1))
By =~ (— SAKE(F + 13 — B3 + 4du (it — 208 — K)?)
— 8(241kF — Ay(k} - K3 + £3))12)
By = %( — 2A5k? + Ag(k] — K3+ ) -

For the case s; = 4 and s = 2, the momentum space expression that we get after
converting the answer in spinor-helicity variables given in section 3.4.2 is the following;:

| Kok
s
[ (ks 22) (b2 20) = 3B(E = 2k - 22))

<J4TT>odd =cC [(2(]{2 : Zl)(ka : 22) - (Zl . 22) (E — 2k3)E) (k‘162123k3 — /{362123k1> }

« ((lﬁ o) (ko - 1) — %E(E — k) (21 - 23)) J. (4.56)

The parity-odd contribution to the non-homogeneous part is again a contact term.

5 Renormalisation

In sections 3 and 4 we saw that CFT correlators in spinor-helicity variables and momentum
space are given by triple-K integrals of the kind:

~ s
Tgsy 0,60y (k1 Ko, i) :/0 doz® T K Ky, (k; 2) (5.1)
j=1

where K, is a modified Bessel function of the second kind and « and [; are discrete
parameters that depend on the dimension of space and the conformal dimensions of the
operators. The integral is convergent except when the following equality is satisfied for any
(or many) choice of signs [2, 19, 20, 22]:

a+ 1+ £ 5+ B3 =—2n, n € L. (5.2)

When the integral is divergent, one regulates it by shifting the dimension of the space and
the conformal dimensions [2, 19, 20, 22]:

d—d=d+2ue
Ai = Ay = A+ (u+v;)e (5.3)
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where u and v; are four real parameters. This results in a shift in the discrete parameters
of the triple-K integral indicated as follows:

Ia{ﬁlvﬁ%ﬁ?)} - IE{ELEZ:ES} = IO(+’LL€{,B1+’U1E,,32+’U26,,33+’036} . (54)

Here we note that when one deals with parity odd contributions to a correlator one has to
set u = 0 as the Levi-Civita tensors are defined in the original dimensions and not in the
shifted dimensions and hence one cannot use dimensional regularisation.

For cases where the divergence condition (5.2) is satisfied for the choice of signs (———)
or (——+) or its permutations, one gets rid of the singularities in the regularised correlator
by adding suitable counter-terms to the CFT action. For cases where the equality (5.2)
is satisfied for the choice of signs (— + +) and its permutations or (+ + +) there are no
appropriate counter-terms that one can add to the action. These correspond to cases where
it is the triple-K representation of the correlator itself that is singular [19, 20, 22].

In the following we will show using the example of the (JJOa) correlator that in the
spinor-helicity variables the relation between the parity-even and the parity-odd parts con-
tinues to hold even after renormalisation. To renormalise the correlators, we first convert
our answers in the spinor-helicity variables to momentum space expressions, cure the di-
vergences and obtain finite answers in momentum space. We then convert the resulting
correlators back to spinor-helicity variables.

5.1 (JJOA)

The momentum space expression for the even part of the correlator was given in (4.10). It
can be checked that the discrete parameters in the triple- K integral satisfy the divergence
condition (5.2) when A > 4. When A = 4, the divergence condition (5.2) is satisfied for the
choice of signs given by (— — —). A convenient scheme of regularisation is choosing vz # 0
and u = v; = vy = 0 [22]. The divergence terms are removed by adding the counter-term
with three sources [22]:

Ser = a(e) / d3x (i€ F,, F* ¢ (5.5)

where p is the renormalisation scale. After removing the divergence by choosing an appro-
priate a(€) such that the singular term in the regularised correlator is canceled, we get the
following finite renormalised form factor:

k‘l—l—k'g—l—k'g) k‘%—l—3k‘3(k‘1+k‘2+k‘3)

AT (ky, ko, k3) = 3c1lo < — 5.6

170 (K1, k2, k) = 3cilog O oy + oy + g2 (5.6)

In spinor-helicity variables, the renormalised correlator takes the following form:
(J~J " Os)even = A (K1, ko, k3)(12)* . (5.7)

Let us now discuss the parity odd part of (JJOa). The momentum space expression for
the correlator takes the form in (4.14). For A = 4, the two triple-K integrals are singular
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for the choice of signs (+— —) and (— + —) respectively. To remove the singularity, we add
the following parity-odd counter-term with two sources and one operator:

Set = afe) / Br = " Ey, Jy . (5.8)

After removing the divergences, the resulting form factor is given by:

(5.9)

ki +ko+ Kk k32 ks(k1 + ko + k
B{eno(khk%k?;):Cl:lOg( 1+ 2+ 3)—6 3+3 3( 1+ 2+ 3)
1

kl(k‘l =+ ]fg + /{:3)2

Note that the form factor Bj"°(ki, ke, ks) is related to the one in the even case
A1 (k1, ko, k3) by the following simple relation:

1
Bi®(k1, ko, k3) = k—lA’{eno(kl, ko, k3) . (5.10)

In spinor-helicity variables, the correlator again takes the same form as in the parity
even case:

(J~J " O4)oqq = 1 AT (ky, ko, k3)(12)% (5.11)

Thus we have illustrated following the case of (JJO,) that the parity-even and the parity-
odd parts of the correlator are given by the same form factor even after renormalisation.

5.2 (TTOA)

Let us now consider the (T'TOA) correlator. The transverse and traceless part of the even

part of the correlator is given by [22]:
<T,lL1V1 (kl)T/.L2V2 (k2>0(k3)>even (512)
= HM1V1O¢151 (kl)HMVzOézﬁz(kQ) [Al k2alk251 kgg k§2 + A25a1a2k251 k?/fb + A35a1a256162} .
In d = 3, the solutions of the primary Ward identities were obtained to be [22]:
Ai=alyggag

de=dalygsaptolgiay

202
A3 = 261]3{%,%,A+%} +CQI%{%7%7A7%} +CgI%{%,%,A7%}. (5.13)

One can easily check that for A =1, A =2, A = 3 a subset of the triple-K integrals that
appear in the form-factors above are divergent. A convenient regularisation scheme to work
with is 4 = v; = v and v3 # u. For A = 1,2, 3 one does not have counter-terms to remove
the divergences. It turns out that the divergences that appear in these cases are exactly
cancelled by the primary constants determined by the secondary Ward identities [22].
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5.2.1 (TTO4)

(TTOy) deserves special discussion as this is the first case where a type-A anomaly could
occur [22]. It was noticed in [22] that in the regularised correlator the pole in the regulator
e multiplies a degenerate combination of form factors in the numerator and hence the
divergent form factors amount to a finite anomalous contribution to the correlator. Thus
counter-terms are not essential to remove such divergences. It was also shown in [22] that
the divergences in the regularised correlator and the anomaly can be removed using an
appropriate counter-term with suitable coefficients. The form-factors of the renormalised
correlator takes the following form (we present only the scheme independent part):

c
A= 6
c
Ag = ?g(_gl(kl + ko — k3) + 2E3k1 k2)
c1(k1 + ko — k
A3 = 1( ! 2 3) (51(]4:1 + ]{:2 - kg) - 452]{1]{32) (5.14)

4E?

where

E1 = (k1 + k2)?((k1 + k2)? + 12k1ko) 4 16(k1 + ko) ((k1 + k2)? + 3k1ko)ks3
+ 6(7(ky + ko)? 4 10k1 ko) k3 + 32(k1 + ko)k5 + 5k3
Eo = (ky + ko) + 15(k1 + ka)?ks + 27(ky + ko)k3 + 5k3 . (5.15)
We now convert this result in momentum space to the spinor-helicity variables and
obtain:
k1 + k2)2 + 4(k1 + kg)kg, + 5k‘§
(k1 + ko + k3)4

This precisely matches the result that we obtained for the correlator by directly solving

(T™T~04) = ky kg( (12)4. (5.16)

the conformal Ward identities in spinor-helicity variables (3.17). For A = 4 (or more
generally A < 5) the triple-K integral in (3.17) is convergent and we get finite results
for the correlator without any renormalisation. For A > 6 the above triple-K integral is
singular and one needs to regularise and renormalise appropriately.

6 Weight-shifting operators

In this section we obtain correlators in momentum space using weight-shifting operators,
following [12] and [50]. The operators that we will primarily use are given by

Hip=2 (21 : 1?12) (52 : 1212) — (- %) K2, (6.1)
Elg = 172k Wlai + 621k1K1_2 (ZQ . Kﬁ) + (2 — Al) EZlZQKl_? (62)

and their permutations, where

K= Oy, — Oky, (6.3)
T R
W12 - §K12 ’ K12 (6-4)
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6.1 (JJOA>0dd

In [50] we obtained (JJOA)oda using weight-shifting operators was discussed earlier . The
seed correlator, in terms of triple-K integrals is given by:

(02050a) = 111 13 A 3y (6.5)

The correlator (JJOA)odq is then obtained by the action of the parity-odd operator D1
which raises the spin of the operators at points 1 and 2 and lowers the weight of the
operator at point 2:

(JJOA)odd = D12(020304)

=als 1343 (e’flzmi@ - e’%zzm) (6.6)

N

after using appropriate Schouten identities.

It was seen that this reproduces the correct answer even for the case of A = 4 and
A =5 where (JJOA)odq is divergent. As is explained below, it is better to start without
renormalizing the seed correlator. The target correlator is renormalized at the end, in case
it has divergences.

6.1.1 Subtleties associated with divergences

There are some subtleties to note when the correlators are divergent as observed in [50].
When the target and seed correlators both have the same kind of divergence, one can
renormalize the seed correlator appropriately and use weight-shifting operators to get the
correct result for the target correlator. When the target correlator is not divergent but the
seed correlator is, this method does not always work. For example, it does not work when
the seed correlator has a non-local divergence while the target correlator is not divergent.
To illustrate this, consider the following sequence that also reproduces (JJO3)odd:

(JJO3)0aq = kika P PLY D15(010,03) . (6.7)

The seed correlator has a non-local divergence and upon appropriate renormalization it is
given by:

k1 + ko

<0102O3>ren0 = -
1

(6.8)
If one calculates the r.h.s. of (6.7) using (6.8), it can be easily checked that the answer does
not match the known result for (JJO3)oqq. In fact, the final correlator obtained this away
goes to zero upon using Schouten identities. The correct way to go about it is to put in
the full, unrenormalized seed correlator into (6.7), which is given by

k1 + ko L (10g(k1 + ko + kg)(kl -+ kQ) — (kl + ko + ]ﬁg))
1 .

(010203) = 1 e "

(6.9)

This way, in the final answer, we can see that the divergences cancel upon using Schouten
identities and we get the correct answer for (JJO3)odq.
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6.2 (TTOA)oda

In [50] we computed (T'TO1)oqa and (I'TO2)od4a using weight shifting operators. Here,
we use these operators to calculate the correlator for any scaling dimension of the scalar
operator. Also, our earlier analysis used a definition of the 3-point function that resulted in
the correlator having a non-trivial Ward-Takahashi identity. Here, following [22] we redefine
the 3-point function so that the correlator is completely transverse as this simplifies the
calculations. The following sequence of operators reproduces (TTOA)odd

(TTOA)oaq = (k1k2)3P? P H13D15(010504) (6.10)
where the seed correlator is given by:
(010204) :clll{—%éA—%}' (6.11)

This can be easily checked to give the correct result for the cases of A = 1,2,3,4 by
calculating the correlator and converting it to its form in spinor-helicity variables. For
A = 3 4 2n, the seed correlator has a non-local divergence and one must also be careful
about the subtlety mentioned in section 6.1.1. The explicit momentum space expression
for (TTO3)0qq is given by

<TT03>odd = A16k1k221 (kg . 21)(]€3 . Z2)2 + Al (kl — k2)€k1k222 (kg . ZQ)(kQ . 21)2 (6.12)

where we have used Schouten identities and the degeneracy in (2.16) to ensure that the
divergences cancel and to simplify the expression. The form factor is given'! by

k33 (ky + ko + 4ks)
(k‘l + ko + k3)4(k% + k% — k% — 2k1k2)2 '

A1 = C (613)
After doing a change of basis, this can be shown to match the answer obtained from
spinor-helicity variables and bulk gravity calculations.

In general, we have
(TTOA) = e1kik3T5 (1 1 53y [F1512 (21 - 29) ey — R2512 (21 - 29) | (6.14)

6.3 (TJJ)oaq

As we saw in (3.42) and (3.45), (T'JJ)oqq is completely transverse with respect to all the
momenta. We start with (O10203) as the seed correlator, which is given by

C1

ki + ko + kK
(010:0,) = " (123)

log (6.15)

where p is the renormalization scale.

"Like for (JJO) in (4.18) - this form factor suggests an apparent collinear divergence. However, one can
easily check that the numerator of the correlator also vanishes in the collinear limit leaving the correlator
finite. Hence the only pole is at £ — 0 as expected.
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The following sequence of operators reproduces (T'JJ)oqd

(T (k)T (k2)J (3))oad = K> (kaks) PP P PV Hys D1o (01 (k1) Oa(k2) Oa(Ks)) + (2 ¢+ 3)
(6.16)

where PZ-(S) is a spin-s projector. The explicit momentum space expression for the correlator
is given in appendix F.

Although this expression looks very different from the expression obtained earlier
in (4.50), it can be shown that they are the same upon using Schouten identities. This fact
can easily be seen by converting both the momentum space expressions to spinor-helicity
variables where they exactly match.

6.4 (TTT)oaq

We know from section 4.2.3 that the non-homogeneous part of (TTT).qq is a contact
term and can therefore be ignored. In momentum space, this means that we only need to
calculate the transverse part of the correlator. This is given by:

<TTT>0dd = (klkgkg)gpl(z)P2(2)P3§2)H13H23512<010202> -+ Cyclic perm. (6.17)

where we have added cyclic permutations to make the correlator manifestly symmetric.
The explicit answer in momentum space obtained this way has many form-factors and
is not very illuminating. However, one can use Schouten identities and the degeneracies
in (2.16) and (2.17) to reduce the answer to just four form-factors, out of which two are
independent. This matches the answer obtained using spinor-helicity variables in (3.31).

6.5 Homogeneous part of general 3-point function using weight-shifting oper-
ators

We can use weight-shifting operators H;; and ﬁij to compute the homogeneous part of
more general correlators. For example, consider (JsJsJs) where s is even. The parity-even
and parity-odd parts of the correlator are given by:

(JsJsJs)even = (klkzks)%_lpl(s)Pg(s)ngs) (HygHy3Haz)2 (020505)
(s=2n). (6.18)

=2 s
(JoToTs)odd = (k1kaks)?s ' P P PY H 2 (Hyg Hys) s D12(010505)

The seed correlator (020202) is given by

k1 +ko+ k
(050505) = erlog ()

(6.19)

where p is the renormalization scale. Correlators involving scalar operator can also be
written down as

(JoJsOn)even = (k1ka)2 P PS HE (020504) (6.20)

(JoJsOn)odd = (kika)> P P H 1 D19 (010504) . (6.21)
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When s is odd in (6.18), we require additional weight-shifting operators apart from H;;
and ﬁm This is analogous to the way we write correlators in the next section using a finite
number of conformal invariant structures.

Computation of the non-homogeneous part requires us to take linear combinations
of different sequences of weight-shifting operators such that the Ward-Takahashi identity
is saturated. See, for example, the computation of (I'TT)even in [12]. Compared to the
homogeneous part, this is much harder to do for a general correlator as we do not know
the Ward-Takahashi identity for a general spin-s current.

7 CFT correlators in terms of momentum space invariants

The aim of this section is to write down CFT correlators derived in previous sections in
terms of a few conformal invariant momentum space structures. Let us define

Q12 = % [2 (51 : /22> (52 : 751) + E(E —2k3) z1 - 22} (7.1)

S12 = % [kQkazQ — klekzzm} (7.2)

Pz = % [2 (51 : /;2) (52 : E:a) (53 : E1) +E (k3 (71 - 25) (53 : El) + cyclic )} (7.3)
1

Rio3 = ﬁ H(El . 5’3) (6k32122k1 _ 6k12122k3> + (E?) . 52) <€k1Z1Z3k2 _ Ekzzwakl)

k
—(Zy - By)frken g 4 %ezleZ:ﬂE(E - le)} + cyclic perm.] . (7.4)

These can be used as building blocks for writing down momentum space 3-point conserved
correlators since they arise naturally in the expressions for such correlators.'> There are
some interesting relations among the above defined quantities. For example

S =Q}, Riu=Pl, Phs=Q12Q2:Qs, SiSi=QijQjk
Pi23Ri23 = S12Q23Q31 + cyclic perm. (7.5)

up-to degeneracies.

Homogeneous contribution. From the summary in E.1, we may now write the mo-
mentum space three-point functions in a compact manner using the above invariants. Let
us note that we are concerned only with correlators which satisfy triangle inequality. To
do this we divide the correlator into two different classes.

81+ s2 +s3 =2n (n € Z). For this class of correlators we only require @;; and S;.
Consider (Js, Js,Js4) such that s; > s > s3, s1 < s2 + s3. Then, we have
_ _ _ ls—l—s—s;) Lisgt+s3—s Lis1+s3—s
oy g sy hoven = K52 501 QE ™ T T QT g

1 1 1
_ ys1—1y83—17.53—1 5(s1+s2—s3—2) 5 (s2+s3—s1) ~5(s1+s3—s2)
(Js1 5555 )0dd = k7' k32T RS T S12Q1, Q33 13

+ cyclic perm. (7.6)

12That they are conformal invariants follows from (7.7)—(7.10). If we put s = 1, in each case a structure
is equal to a particular correlator which is of course, by definition, conformally invariant.
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Correlators involving scalar operators can also be written this way,

<J5J302>even,h = bingiQ (77)
(JsJ502)0dan = b5 1S12Q55 " .

where b;; = k;k; and cio3 = kikoks. The 3-point function involving A = 1 is obtained
by shadow transforming (7.7). One can also write the correlator involving a generic scalar
operator dimension é but we do not reproduce this here.

s1+s2+s3=2n+1 (n €Z). Werequire P23 and Rjo3 as well when the sum of
the spins is odd. For example, when s is odd, we have

<J3Jst>even,h = C§531P523 (79)
(JsJsTs)oadn = €23 Ri23Pas" . (7.10)

When s is odd, these are the only structures using which (JJsJs) can be written. One
can use (7.5) to substitute even powers of Pjo3 in terms of Q;;’s. Other correlators with
s1 + s2 + s3 = odd can also be considered similarily.

Non-homogeneous contribution. We have discussed homogeneous contribution so far.
The story for the non-homogeneous contribution is more complicated. We do not have a
generic form of the WT identity to evaluate three point functions involving operators of
arbitrary spin. For example, if we consider the solutions for (J;O203) as given in (4.8),
there is no discernible underlying structure to these expressions. The numerator becomes
increasingly complicated as we consider higher values of s and one cannot write these as
the power of some simple structure. We can similarly identify some structures based on
the answers for (JJJ), (JJT) and (T'TT) however those relations are not illuminating as
in the case of the homogeneous part, (see (7.7)) and we do not present them here.

8 Some interesting observations

In this section we collect a few interesting observations about the correlators discussed so
far. For the purposes of this discussion, it will be useful to write the correlators as in (2.14).

8.1 Contact terms

To properly understand correlators in momentum space it is very important to understand
the contact terms which arises in both parity-odd and parity-even cases. For example
(JJJ) correlation function has a contact term which is parity odd and is given by (4.39).
Fourier transforming this to position space will give us a term of the form

(JﬁJﬁJ;>ContaCt o< ¢y [0 (21 — 22)8° (29 — 23). (8.1)

Another example of a correlation function where both parity even and parity odd part has
contact term, let us consider (T'T'T"). The parity even contact term is given by [26]

(TTT)eyen x 1 (k‘;’ + k;’ + kg) 21 - 2929 - 2323 - 21 (8.2)
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which when converted to position space gives contact term of the form
(TTT)contact T (f($1)53(562 — x3) + f(22)0% (w3 — 21) + f(23)8° (21 — x?)) - (83)
Parity odd contact term is given'3 by (4.46) which becomes
(TTT)contact X Crezyzyz;0° (21 — 22)6° (39 — 23) + - - - (8.4)

where z are polarization tensors. Once again we have not mentioned exact form of the
contact term. Interestingly, for both parity even and parity odd part the contact term
arises in the non-homogeneous contribution. One way to understand parity odd case is to
look at (2.12). The right hand side of this equation for parity odd case is always a contact
term for the correlator we have considered. For example, the transverse Ward identity for
(JJJ) takes the form (3.18)

k(T4 (k) T (k) TP () = F(TP () T" (= ka)) = F4 T (ks) JP(~ks))
_ fabceupkl
which is a contact term. One can check the same explicitly for (T'TT) as well as other corre-

lators computed in previous sections. We expect on general grounds that (Js, Js, J53>Odd7nh
is a contact term. To conclude, we observe that

A. Contribution to the contact term comes from non-homogeneous part of both parity-
even and parity-odd correlator. For parity-even it was observed in (T'T'T) only.

B. Parity-odd non-homogeneous piece of the CFT correlator is always a contact term.

(Js1JsoJs5)nh,odd = contact term. (8.5)

However parity-even non-homogeneous piece can be nontrivial as is discussed in previous
sections.

8.2 Relation between parity-even and parity-odd solutions

If we look at the correlator in momentum space, see section 4, there seem to exist no clear
relationship between parity odd and parity even part of the correlator. However, as is
seen section 2 and 3, there exist a remarkable relationship between them in spinor-helicity
variables, namely

(Jo1JsoJss)n0dd = (Js1 5253 ) heven (In spinor helicity variables) (8.6)

up-to some signs and factors of . Let us explain this in terms of some concrete equations.
To start, let us consider the anstaz

(I3 5 d0s) = (Fi(ky, ko, ks) + iFa(ku, ko, kg)) (12)°1 T92 798 (23) ~s1ts2tss (31)s1ms2+ s
<Jg1 J;Q JSJ;> = (Gl (kl, ko, ]{73) + iGQ(kl, ks, k3))<12>51+527s3 <23>751+52+53 <31>81782+83
(8.7)

13Let us note that, we have neglected the precise functional dependence. We have just indicated the form
of the delta function that arises.
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where F},Gy and Fh,Go are form-factors for the parity-even and parity-odd parts of
the correlator. Both F; and Fj satisfy the same non-homogeneous equation, see for
example (C.28), (C.37). However, the form factors G; and G2 satisfy a different non-
homogeneous equation, see for example (C.29), (C.38) in appendix C. This difference is
coming due to the different contribution of WT identity to parity-even and parity-odd parts

t.14 This implies non-homogeneous contribution to parity-even

for — —+ helicity componen

and odd cases generally differ, whereas the homogeneous solution is always the same.
This relation becomes even more nontrivial in the cases where there is a divergence

in the correlator. For example, for (JJO,) the solution of the conformal Ward identity is

given by

<J_J_O4>even = Cl(kle)I%{ ) (8.8)
<J_J_O4>Odd:Z'Cg(klkg)fgv{%é%}. (8.9)

However, the triple-K integral is divergent and one needs to regularise and renormalise
the correlator. To do so we go to momentum space (see section 5). The renormaliza-
tion procedure for even and odd parts is also completely different and we required quite
different kinds of counter-terms. However, converting back the renormalized results in
spinor-helicity variables, we remarkably obtained the same result again. This happens
to all other correlators having divergences and it would be interesting to have a better
understanding of this observation.

8.3 Manifest locality test

In the context of the cosmological bootstrap, a manifestly local test (MLT) was derived
for wavefunctions of scalars of dimension 3 and gravitons in any manifestly local, unitary
theory [66]. MLT imposes the following condition on such wavefunctions [66]:

)
]}jgloa—l%wn(kl,...,kc,...,kzn) 0. (8.10)

In the following we discuss how this analysis can be used for calculating CFT correlator
(T'O303). Based on the symmetries of the correlator we write down the following ansatz
for the correlator:

(T (k1) O3 (k) O3(k3)) = Wypap(kr) A (k. ko, ks) ks kS (8.11)
where we take the following ansatz for the form factor:

1
Av(k, ko, ks) = 3 [e1kd + cokf ks + ks) + cokikoks

(/{31 + ko + k3)
+cqky (k‘Q + ]{73)2 + C5(k‘2 + k‘g)k‘Qk‘g + Cﬁ(k‘g + ]{73)3} (8.12)

where the pole in k1 + ko + k3 = 0 can be argued on general grounds and the power of
the pole is fixed by dilatation Ward identity. We will now fix the coefficients that appear

MFor — — — helicity the WT identity contributes the same for parity even and odd case.
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in the ansatz by imposing manifest locality. With respect to one of the scalar operators
we have:
0

lim —(T'(k k k3))=0. 1

Jim ak2< (k1)O3(k2)Os(k3)) = 0 (8.13)
This gives the following relation between the coefficients:

9eq —
Cy = 201, Cq4 = %, Cg = —Cs, C3 = 265 . (8.14)
We can easily check that with these conditions, MLT with respect to the second scalar
operator is also satisfied, i.e.:
) 0
lim 7<T(k1)03(k2)03(]{73)> =0. (815)
k3—0 81{73

Let us now impose manifest locality with respect to the stress-tensor operator:

0
lim — (T =0. 1
i (T (k1) O (h2) O (k) = 0 (8.16)
This gives the following constraint c¢s = —c;. We now substitute the coefficients back into

the ansatz to get:

&1
Atk ke k) =G R TR
x [k + k3 + K3 + 2083 + koks) (ks + ks) + 2ki (K3 + koks + K3)| . (8.17)

Notice that form factor in (8.17) matches explicitly with form factor presented in (4.9). We
hope to come back to this in future for a better understanding of other 3-point functions.

8.4 A comparison between position and momentum space invariants

It is interesting to compare momentum space invariants discussed in section 7 and position
space invariants introduced in [61, 67]. To illustrate this, let us consider (JJT') even part.
This is given by

<T($I)J(x2)‘](x3)>even = L

— <611P12Q%+G2P22P32+G3Q%Q2Q3+a4P1P2P3Q1) ,
|z12||w23]| 231

(8.18)
We refer the reader to [61] for details about the notation. We see that there are 4 structures.
Demanding conservation equation for currents, we get two relation as = —4a1, asz = —%al

which leaves two independent structures

1 5
|:a1 <P12Q%— 4P22P32— 2@%@2@3) —I—a4P1P2P3Q1} .

(1) (@2)J (23))even = T
(8.19)

Furthermore, using WT identity we get a relation between a4, a1 and the two-point function
coefficient ¢;. Eliminating a4 we obtain
1

) @) @s)leven = Eo Ta]

5
[al <P3Q% —APPY — S Q1QaQs — 2P1P2P3Q1)

3
+ 8CjP1P2P3Q1} (8.20)
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where ¢; appears in two point function of J,. Let us emphasize that, (8.18) is built out of
conformal invariant structures whereas (8.20) is built out of conformally invariant conserved
structures.'® In (8.20), we can identify the term proportional to a; as homogeneous and
the term proportional to ¢; as the non-homogeneous contribution. Let us note that, for a
generic correlator involving arbitrary spin-s currents, in general it is quite complicated to
arrive at the analogue of (8.20) starting from more the readily obtainable expression (8.18).
Moreover, finding the non-homogeneous term in position space is equally complicated.
However, in momentum space we naturally obtain the analogue of (8.20) directly. In other
words, in momentum space we naturally divide the answer into homogeneous and non-
homogeneous contributions and the conformal invariant conserved structure is naturally
built in.

9 Summary and future directions

To summarize, we have systematically solved for 3-point CF'T correlators involving higher
spin conserved currents and scalar operators in three dimensions. Spinor-helicity formal-
ism simplifies considerably the CWI based analysis of correlators. It solves the problems
associated with degeneracy which makes direct computation in momentum space difficult.
In these variables, we found that the homogeneous part of the correlator gets an identi-
cal contribution from parity-even and parity-odd parts. We were also able to write down
momentum space correlators in terms of conserved conformally invariant structures. For
some correlators (for example (T'T'0O4)) which are divergent in momentum space, a careful
renormalization analysis is required. However, in spinor-helicity variables, we observed
that it turns out we directly get the finite part of the correlator which does not require
any renormalization. We also verified some of the results using weight-shifting operators.
Below we discuss some future directions.

In this paper we focused exclusively on 3-point correlators of scalars and conserved
currents with spin. If one considers spinning operators which are not conserved (no WT
identity) then the approach has to be adjusted accordingly. Some preliminary momentum
space results in this direction were obtained in [29]. This analysis is important as it is a
useful first step for constructing general 4-point spinning conformal blocks in momentum
space. The spinor-helicity formalism, extended as in [68] to account for scattering of
massive particles in 4d, should be useful for this purpose.

It would be interesting to utilise the spinor-helicity formalism in the analysis of 4-point
functions. The momentum space CWI approach for 4-point CFT correlators has been used
in [30, 35, 44, 53]. We have seen that the spinor-helicity expressions for 3-point correlators
are much simpler compared to the momentum space ones and it is natural to expect a
similar simplicity in the analysis of higher point correlators.

151t is quite difficult to build conformally invariant conserved structures directly without first writing
conformal invariants and then demanding conservation. Free theory generating functions defined in [61]
might be of help, however it will be difficult to separate out the homogeneous and non-homogeneous con-
tributions. However, in momentum space we directly get the conformal invariant conserved structures and
getting conformal invariant structures without the WT identity constraint would be a more challenging task.
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For correlators involving higher spin conserved currents the non-homogeneous part of
the correlator requires the knowledge of Ward identity. It would be nice to find out if
a general structure exists for the Ward identity which would then help us in getting the
non-homogeneous part of correlation functions comprising operators with arbitrary spin.
It would also be interesting to generalize our results to cases which break the triangle
inequality and to cases where the current operators are not exactly conserved [64].

We observed in this paper the equivalence of parity-even and parity-odd parts of the
3-point correlator when expressed in spinor-helicity variables, and how this continues to
hold in examples where, due to divergences, regularising and renormalising the correlator
is required. It would be interesting to understand on general grounds why this is the case
even though the counter-terms required in both cases are entirely different.

It would also be very interesting to understand the MLT condition [66] discussed in
section 8.3 starting from basic CFT principles. In section 8.3, we used MLT condition to
compute the non-homogeneous contribution to (T'OO) correlator. It would be interesting
to understand how to use MLT conditions to calculate the non-homogeneous contribution
to a generic 3-point CFT correlator. It would also be interesting to understand how this
condition can be used to constrain 4-point correlators.
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A Spinor-helicity notation

In this appendix we will quickly summarise the spinor-helicity variables for 3d CFTs. For
more details see [3, 26] . We first embed the Euclidean 3-momentum k into a null momen-
tum vector k, in 3+1 dimensions:

such that k = \E| Given the 4-momentum we express it in spinor notation as:
kaa = k.ot = Xada (A.2)

where o and & are SL(2,C) transform under inequivalent (conjugate) representations of
SL(2,C). However, in 3 dimensions one has an identification between the dotted and
undotted indices. To see this let us consider the vector 7# = (1,0,0,0). In spinor-helicity
variables:

Tace — TH(Uu)ad = _]Iad . (A3)
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We can now convert dotted indices to undotted indices using the following tensor:

8¢ = —eé‘B]L

- . (A.4)

We also introduce the barred spinors as follows:

Ao = ATl - (A.5)

We then have the following relations between the 3-momentum and the spinors.

Aods = ki (&i)aﬂ + keap (A.6)
K = % (a);' Aa? . (A7)

Since €, is an SL(2, C) invariant, we can use it to define dot products between spinors.
(i) = PN
(@) = P3N (A3
(if) = AN,

It can be also be used to raise and lower indices on the spinors for which we will use the
following convention.

Ag = €agA® . (A.9)

The reader is referred to appendix B of [26] or appendix C in [12] which contains a set of
useful relations between spinor brackets that will be used throughout the main text. Finally,
we also define the following polarization vectors which when dotted with the momentum
space expression of a correlator, gives its expression in spinor-helicity variables.

_ Aalg +_ Aads
“af T Top

Zop = . (A.10)

B Homogeneous & non-homogeneous vs transverse & longitudinal con-
tributions

While computing momentum space correlation functions one often splits the correlator
into its transverse and longitudinal parts [2]. In this paper we find it more useful to split
correlators into their homogeneous and non-homogeneous parts as defined in section 2.3.1.
In this appendix we emphasise and illustrate through examples that the transverse and
homogeneous parts of a correlator are not identical, and also that the longitudinal and
non-homogeneous parts are not identical. In particular, we will show that while the ho-
mogeneous part of a correlator is always transverse, the non-homogeneous part in general
contains both transverse and longitudinal contributions and is proportional to 2-point func-
tion coefficients.
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As an example consider (I'O0). The correlator is given by [2]
<TOO> - <T00>transverse + <TOO>longitudinal (B-l)

where the transverse part is given by

(TOO) transverse = TG (ki) ArkS k5" (B.2)
For example when the scalar operator O has scaling dimension A = 1 the form factor is
given by [2]
2k1 + ko + ks
A = . B.3
L= O ks (e + ko + k3)? (B3)
The form-factor is proportional to the coefficient of the scalar two-point function cop
1
(O(R)O(—F))amr = o7
The longitudinal part of the correlator for A =1 is
1 1
<TOO>longitudinal = l:kgl.glyl (kl) — 57‘(’“1”1 (kl) COkT + ko <& k3 (B4)
2
where
1 k kHEY
70 (k) = = [optnsy) — Ko (w )] | B.
(k) = o [2a) = 5 (5 B (5.5)

We see that the full correlator is proportional to the two-point function coefficient cq.
Thus in our terminology the full answer is non-homogeneous and there is no homogeneous
contribution to it. To summarize we have

<TOO> = <TOO>transverse + <TOO>10ngitudinal
— (TOO)u (B.6)

Let us now consider the case of (T'T'T"). The full answer in the terminology of [2] is
given by

<TTT> = <TTT>transverse + <TTT>10ngitudina1 (B.7)
which can as well be split into homogeneous and non-homogeneous pieces as follows

<TTT> = <TTT>transverse + <TTT>longitudinal

= <TTT>transverse,h + <TTT>transverse,nh + <TTT>10ngitudinal
= (TTT)y + (TTT)un (B.8)

where we made the following identification

<TTT>h = <TTT>transverse,h
<TTT>nh = <TTT>transverse,nh + <TTT>longitudinal . (Bg)
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We now give explicit identification of the homogeneous and non-homogeneous contribution.
To simplify the discussion, we make use of transverse, null polarization vectors that are
contracted with the free indices of the correlator. The longitudinal term drops out and
what remains are the transverse pieces. For convenience we reproduce it here [26, 51]

b
(TTT)eyen = %Mws + 207 (“’;j + % - E) e (B.10)
where Cpr is defined by the two-point function
(T(k)T(=k)) = Crr(z1 - 22)°k° (B.11)

In the transverse correlator (B.10), the term proportional to Crr is non-homogeneous
and the rest of it (the term proportional to C7) is homogeneous. To summarize, the
term that is dependent on the two-point function coefficient (fixed by secondary conformal
Ward identity in the language of [2]) is the non-homogeneous contribution. From the
dS, perspective the interpretation is that the term getting contribution from W3 (term
proportional to C) is homogeneous and the term getting contribution from Einstein-gravity
VR (term proportional to Crr) is non-homogeneous.

To conclude, the non-homogeneous part of the correlator can contain both transverse as
well as longitudinal parts. From the dSy perspective as well, the origins of the homogeneous
and non-homogeneous contributions are distinct.

C Details of solutions of CWIs for various correlators

In this appendix we provide details of the calculations related to solving conformal Ward
identities (CWIs) in spinor-helicity variables.

C.1 (Js0aAOA)

The details of the conformal Ward identities for this case were already given in section 3.1.
Here we consider a few examples. The s = 1 and the s = 2 cases have already been
computed in [2].

Example — Spin one current: (J,0a0a). Setting s =1 in (3.10) we obtain:

<J_OAOA> = Cofg{_; A—3 A-3} (12) (Ql)
2 27 27 2

B (12)(13) (C.1)

= COI%{*%»A*%,A*%}7<23> (ko + k3 — k1) .
We see that the correlator gets a minus sign under a (2 <> 3) exchange. Therefore, this
correlator is non-zero only when all the three operators have non-abelian indices. The
non-abelian indices add an extra factor of ¢ to the correlator which results in a plus sign
under a (2 <> 3) exchange. This result holds for any (J;OAOa) whenever s is odd. For
the specific case of A = 2, the correlator is given by

(J~0505) = 12)(21) . (C.2)

1
CO@(
The correlator is divergent for A > 3 and needs to be renormalized for higher scaling
dimensions.
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Example — Spin two current: (T,,0aAOa). Setting s =2 and A =2 in (3.10) we
obtain:

E+k

<T_0202> == COW

(12)%(21)2. (C.3)

Setting s =2 and A = 3 in (3.10) we obtain:

K2(E + ko + ks) + (B + k1) (k3 + koks + k2)

(T~ 0303) = co k%E2

(12)2(21)2. (C.4)

For A > 3, the correlator is divergent and needs to renormalized.

C.2 (JSJSOA>

From the action of the special conformal generator on the scalar operator and conserved
spin-s currents (2.6) and (2.7), we get the following:

g I Oa ok B
K" 7723 22[M<’“1'Js(kl)<]s (k2)O(k3))
kl k2 k3

———=—{(J 7 (k1)ko - Js(k2)O(k
kf_lkgﬂk?_g( s (k1)ka - Js(k2)O(k3))

k5 (A —2)(A -
| S T

D04 (C.5)

Making use of the trivial transverse Ward identity (3.13), the first and the second terms
on the r.h.s. of the above equation drop out and we obtain:

]I I 04 K -
K" = A—=2)(A—-1){J J OA). C.6
<kf_1 k;—l kgA_2> kf—lkg_lk?’A ( )( )( s Ys A> ( )

Contracting (C.6) with k12, " and with ko2, ™ we get the following equations for the parity
even part of the correlator (3.15):1°

<8;§ - 8;;?) = —Z%(A -1(A-2) (C.7)
(k2+113 ~ k1) (a;gl - 65%) Sf;% _ _ig (A —1)(A —2) (ks + k3 — k1)
(k1 + 113 — ko) (8;22)1 B 6521) _ 5‘;%1 = —%(A —1)(A —2)(k; + ks — kg).  (C.8)

From the form of the ansatz for the correlator in (3.15) and since the conformal Ward
identity takes the form in (C.6), the equations satisfied by the odd parts Fy and G2 of the
correlator (3.15) are identical to those for the even parts F; and G; respectively.

16 ,—r _ (6%)*PA1aip
1= 2k, :
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We note that the equation for F; (and F») is independent of the spin s. The dependence
on the spin comes through the dilation Ward identity and is given by:

3
(Zki?)?) —(A—=2(s+1)F; =0. (C.9)
=1 v

The same equation is satisfied by Fb as well. The equations (C.8) for G; (and G2) do not
have a non-trivial solution. Solving (C.7) and (C.9) we obtain the result in (3.16).

Examples. In the following we consider a few examples of the correlator (JsJ;On) for
specific values of s and A.

Spin one current: (J,J,0a). Setting s =1 in the expression for the generic correla-
tor (3.17) we obtain:

(J=JT0A) =0

<J7J70A> - <J7J70A>even + <']7J70A>0dd = (Cl + iCQ) 1

njot
—~
SIS
SIS
|
Njw
—
—
—_
DO
~
no
~—~
—_
(=)
S~—

(JTTTOA) = (JT T OA)even + (JTTTOA)oda = (c1 —ica) I

ot
—~
M=
M=
B>
|
NJw
-
—
—
DO
~
[\o}

Example: A = 1. When A =1 we have:

1

S even — 12 2 -Jt =
<J J 01> Clk‘g(k‘l T ko +k3)2< > <J J Ol>even =0
. (C.11)
J~J 0 = ic 12)? J-JTO =0.
Example: A = 2. When A = 2 we have:
- 1 2
(J7J 7 O2)even = ClmﬂQ) (J= T O2)even =0
) (C.12)
<J_J_OQ>0dd - anm<12>2 <J_J+02>Odd == 0 .
Example: A = 3. When A = 3 we have:
o k1 + ko + 2ks 9
J T O3)even = 1 ——F—5(12 —-Jt =
< 3>e e C1 (kl T kg n k3)2< > (J J Og)even 0 (C )
.13
N ./k1+k2+2k3 2 — 7+
7T Oadons = ich G = e (12 WSO8 =0

We see that the solution for A = 1 is just the shadow transform of the A = 2 solution. In
section 4 we convert this answer to momentum space and check that it matches the known
answer previously computed in [50].
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Spin two current: (I'T'OA). Setting s = 2 in the expression for the generic correla-
tor (3.17) we obtain:

(T"TTOA) =0

(T7T70a) = (T"T"On)even + (T" T On)oda = (c1 +ica) kikalgi 1 A 3 (12)*

<T+T+OA> = <T+T+OA>even + <T+T+OA>odd = (Cl — iCQ) klk’QI%{%7 A—%}<12>4 .

1
27
Example: A = 1. When A =1 we have:

1
12)* -t _

<T_T_ Ol)even = c1k1k2

. (C.15)
(T™T" Or)oaa = icikrky ks(k1 + ko + k3)* <12>4 T Or)oaa =0.
Example: A = 2. When A = 2 we have:
1
T™T™02)eyen = c1k1kg————(12)* —pt _
( 2)even = C1k1 2(k1+k2+k3)4< ) (T~T02)eyen = 0
) (C.16)
<T7T702>0dd = ZC&klem(lQ)Zl <T7T+02>Odd =0.
Example: A = 3. When A = 3 we have:
. ki + ko + 4k3 4
T even = C1kiky ———————— Tt =
< 03> C1R1R2 (kl T ko + k3)4< > <T T O3>even 0 (C )
A7
o .y k1 + ko + 4k3 4 —
<T T 03>0dd = chkilk‘g 1 <12> <T T 03>odd =0.

(lﬁ + ko + k‘g)

Again, we see that the A = 1 solution and the A = 2 solution are just shadow transforms
of each other. For A > 6, the triple-K integrals show a divergence and the correlators need
to be renormalized.

Higher spin example. Let us now discuss a few correlators involving higher spin con-
served currents. When the scalar operator Oa has scaling dimension A = 3 and the
conserved current operator J; has spin s = 3, we have from (3.17):

27272

(37T 03) = (c1 +i62)(k1k2)2f%{1 L3

. E + 5k
= (1 4 i o) (kika)? ot 3(12)6 . (C.18)

When the scalar operator Oa has scaling dimension A = 3 and the conserved current
operator J; has spin s = 4, we have from (3.17):

(J47ZJ703) = (¢ +z’c2)(k:1k2)41177{%7%7% (12)8

4E+7k3

Vo (12)8. (C.19)

= (61 + ) Cg)(klkg)
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We can also get the parity even part of the above two results using weight-shifting and
spin-raising operators in momentum space [11, 50] and then converting the answer into
spinor-helicity variables:

(J3J303) = (k1ke)2 PP PSY HB,(05,0,03) (C.20)
(JAT*03) = (k1ke)? PLY PSY HE,(05,0,03) (C.21)

where PZ-(S) are spin-s projectors transverse to k; and Hio is a bilocal operator that raises
the spin of the operators at insertions 1 and 2. It can be verified that the answers obtained
this way match the answers in (C.18) and (C.19).

C.3 (JJJ)

The ansatz for the correlator is given in (3.19). We will analyze the parity-odd and the
parity-even parts separately here as they have different WT identities.

(JJI T )even-
<J7(1€1)J7(k2)J7(l{73)>even =R (kl, ko, k3)<12> <23> <31> (0.22)
(J7 (k1) J ™ (k2)J " (k3))even = G1(k1, ko, k3)(12)(23)(31) . (C.23)

The action of the conformal generator is given by:

— k k k
KA (J=J J7) =2 <zlf‘v‘k1;<J“J—J—> + z;”%u—ﬂa}—) + z;“%(J_J_J“>
1 2 3

~ k k k

K*(J~J-Jt) =2 <z;“k1;<J#JJ+> + z;”%(J’J“Jﬂ + z;“lj;uJJ%) .
i 2 3

(C.24)

The transverse Ward identities of (JJ.J) [20] are non-trivial:

Fap

JHT T Veven = €13 (23)% (ks — k
K1y - 3\2
LT T T even = €15 (23)% (k3 — k2) . C.25
Using (C.25) in the R.H.S. of (C.24) we obtain:
oK) T— 17— 7— —K <23>2 .
K™(J7J"J )even = 21 "Cj75;—— (ko — k3) + cyclic perm. (C.26)
ki kaks
TR T— T— T+ —K <2§>2 .
K™(J7J"J )even = 21 "C175 (k2 — k3) + cyclic perm. (C.27)
ki kaks

Expanding out the left hand side and dotting with (0%)3(A\§s35 + AagA§) gives us the
following equations for the form factors:

o o 82F1 82F1 32F1 62F1 (k’g — ]{32)
o (21 91N g (S5 O (0O, s k)
(ak@ 8k3> e ( o o) TR\ T e ) T e (O

oG, G PG, G PG, G, (ks — o)
2 — 4+ — k|l = — ———5 | — k3| —5 — =2cj—5——=. 2
(akQ * 8k3> e ( o~ o) "\ ke T ek ) T2 ik o (O
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Similarly, dotting with (0%)2 (A A3 + A15A§) gives:

OF, OF 2F  9?F PR R (ks — k1)
2( - L) —ky [ — ks | g — = | = 2cj .

(6k1 8k3> ! ( o o) TR\ T e ) T gk (O

G  0G, 2G, 92y 926G, 926, (k3 — k1)
2( S+ =) k| — kg | o — k| = 20— (C.31
<8k1 * 8k3> b ( o2~ o2 ) e R I iy - (O3

The dilatation Ward identity is given by
3 3
8F1 aGl

(;k Bki>+31 0 (;k 8ki>+3G1 0 (C.32)

Solving these equations we obtain F(ki, k2, k3) and G (k1, k2, k3) in (3.24).

(JJJT)odd- We now turn our attention to the odd part of the correlator. The ansatz is
given by

(J7 (k1) T~ (k2)J ™ (k3))oda = iF2(k1, ka, k3)(12)(23)(31) (C.33)
<J7(k1)<]7 (kg)J+(k3)>odd = iGQ(kl, ko, k3)<12> <2§)> <§1> . (034)

The transverse WT identity in this case is given by:

k1 N / 2
— (T Yodd = €1—5——(23)%(ks — k
k‘% < > dd CJk%ka'Q,( > ( 3 2)
kg, oo _
—R(TF T T Y oaa = ¢—5——(23)% (ks + k2) . C.35
2 ( Jodd CJk%ka?)( ) (k3 + k2) (C.35)
Substituting (C.35) into the right hand side of the conformal identity (C.24), we get:
Tk - 7= 7 —Ks ) <23>2 :
K*(J™J"J )odd = 7 it (ko — k3) + cyclic perm.
<12;>23 (C.36)
K*(J™J"Jdq = 2 i cljm<k’2 + k3) + cyclic perm.
1h2R3

Following the same procedure as in the parity-even case, we get:

2 2 2 2 _
2(8F2_3F2>+k2<3F2_5F2>+k3<3F2_3F2>ZQC{IM (C.37)

ks O3 o2 o o2 o Kok
0Gs  9Gs 92Gy 902G 02Gy  9°Ga , (ks + k2)
g (9C2 02 g (OCr 0G2) 4 (0Ca _ oo Bt R)

(81@ * 8k3> T\ T ) B e T o T ks (O

2 1 1 3 1
and
OF, 8F2> 0’°F,  0*Fy 0’F,  0*Fy , (ks — k1)

o (92 072 g (Of2 O 7a) g (012 —oe M)
(8k1 Ok )~ ( oz o ) TR\ e ) T e (O
FleA aaz> 92Gy 902Gy 092Gy 9°Go , (ks + k1)

g (G2 0C2) 4 (OC2 0G2) 4 (0Ca _ oo BB oy

(akl o) M ( o o ) P\ e ) T e - (G40

Let us note that (C.37), (C.39) are exactly identical to (C.28), (C.30), whereas compar-
ing (C.38), (C.40) with (C.29), (C.31), we see that the r.h.s. of the equations are different.
Solving these equations we obtain Fy(ki, ko, k3) and Ga(k1, ko, k3) in (3.24).
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C.4 (TTT)

The even part of this correlator was obtained earlier in [2, 12]. We focus on obtaining the
odd part.

(T'TT)oqa.- We start with the following ansatz for (TTT)oqq:

T-T-T~ .

<;€1k2k3> = i F(ky, ko, k3)(12)%(23)%(31) (C.41)
T-T-TF . 2\2/3

< Tk k;3>0dd = i Gk, ko, k3) (12)2(23)2(31)2. (C.42)

The action of the conformal generator is given by:

— [T~ T~ T~ LVE2 T T _kepzyy [T T
T (e T ety TS A P Wi a2y (o UL
<k1 Fa k3> TR ks )T \ B ke

k3 ki ko
— [T~ T Tt ka1, T-T+ keuzy [T~ TF
Kf{ ——— ) =12z7. e — 122 -
< ki ks R > TR ks )T \ R ke
K2, [T~ T~
1223, LT ) C.43
+ 235 k,g kl k2 ( )

Using (3.27) we find for parity odd contribution

i (g 1) _ 02000

K3 ke ks k3k3k3
k21, T- T+ (12)(23)3(31)
DT —— ) = (F — 2k3) 27 (k3 4 k3. C.44

The action of K* on the ansatz, after dotting with b, = (UH)Q(AS‘Agg + A3 Ag), becomes
oOF OF 0’F  O°F 0’F  0°F E(k3 —k3)
4 _ _ —k =2 C.45
(8k2 ak3) + ks ( oKz~ R ) 2 ( o1z~ oR2 ) Tyt )
oG  0G 0’G  0°G 0’G  0°G , (B —2k3)(k3 + k3)
4 + — k3 — ko = .

o Oy AT T T R kaks)?
(C.46)
The dilatation Ward identity is given by
S or—o (SR29) a0 i
i=1 'Ok - i=1 "k o '
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The solutions for F' and G are then given by:

c, E3 — Ebjag — ¢
Pk ko k) = & 4 op = B — e (C.49
123
, (E — 2k3)3 — (E — 2k3)(b123 — 2ks alz) + c193

G(klv k27 k3> - CT

(C.49)
C§23

where alp = k‘l + k‘g, b123 = klkg + kgkg + klkg and C123 — kl kQ k3.

C.5 (TJJ)

We once again focus on only the odd part of the correlator. Since we have shown that
the transverse WT identities are trivial in (3.42)and (3.45), the action of K" on the
ansatz (3.47) becomes:

~ [T~ ~ [T~
Kf(=——JJ~ =0 Kf{=—JJt =0. (C.50)
k1 odd k1 odd

Expanding out the Lh.s. and dotting with an appropriate b, = (04)5(A\SA35 + AagAg),

we get
O*F  8°F PF  9°F OF  OF
T k| Es — e |42 (- ) = .
s (ak:f 8k§) 2 (akf 8k:§> * <8k2 8k3> 0 (C-51)
’PG  9*aG ’PG  9*aG oG G oG
ks | o — o | ke oo — == | +2 (o + =~ —2-7) =0. 52
3 (ak% az:g) & (akf m:g) " (ak2  Oks 8k1> 0 (C:52)
The solutions to these are given by (3.48).
C.6 (Js, J.J,)
Dotting (3.55) with b, = (a“))\la)\lﬁ, we get:
0’F  0°F OF OF
—ky+ ko4 k3) | = — 2(2s — = )=
Rtk + 3><8k§ 8k§)+ (25 Sl)(akg 8k3> !
0’H 0°H OH 0H
k14 ko —k3) | = — - 4+ ) =o0. .
(—k1 + ko — k3) <8k;§ OR2 ) +2(2s — s1) <8k2 + 8k3> 0 (C.53)
Similarly, dotting (3.55) with b, = (%) Aaa )y, we get:
0’F  0°F OF OF
ki —ky 4+ k3) | =5 — = — ) =
(i =k + fs) <0k§ ak%> 2 (akg 8k1> 0
92G  9*G oG 8G
ks —ky — k1) | =2 — == 4+ ) =o0. .
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The dilatation Ward identity is given by
3
OF
ki— 2 F=0
(; 5‘1@-) + (25 + 51)
ik% +(2s+51)G=0
i=1 'Ok v

3
H
(Z kﬁ) + (254 51)H =0. (C.55)
i=1 Ok

We have considered only one equation for G and H as these by themselves imply that there
is no homogeneous solution for the two form factors. The solutions for F'; G and H are
then given by (3.57).

D Identities involving Triple- K integrals

In this section we obtain non-trivial identities involving triple- K integrals by matching our
results obtained for the correlator in spinor-helicity variables to the results obtained for
the same in momentum space after converting to spinor-helicity variables.

Let us first consider the correlator (JJOa). We will work in a convenient regularisation
scheme in which we set u = v1 = vo = 0 and v3 # 0. The momentum space expression for
the correlator after converting to spinor-helicity variables takes the following form:

72142 + Ay [(lﬁ — k‘2)2 — k%]

J=JT0) = 12)2 D.1
( ) Tk (12) (D.1)
where [22]:
Ar=aly g ba-ging
A
Ay = 01]%’{%,%,A7%+v36} + 015(1 - A) ‘[%, %,%,Angrvge} : (DZ)

Comparing with our results for the same correlator obtained by solving the conformal Ward
identities directly in spinor-helicity variables (C.10) we get the following identity involving
triple— K integrals which we have verified to O(1) in the regulator the following relation:

_24p+ Ay [(ky — ko)’ — R3] _
Ak kg A5 A S Huse}

(D.3)

Let us now consider the correlator (TTOa). The momentum space expression for the

correlator after converting to spinor-helicity variables takes the following form:

4A3 + [(kl — k2)2 — k%] [2A2 + A ((k1 — k2)2 — k%)]
16742

We will continue to work in the scheme where u = v; = v9 = 0 and only v3 is non-zero and

(T-T~0) = (12)*. (D.4)

in this scheme the form factors are given by [22]:
A1 =C I%,{§ 3 A—%+U5€}

2727

Ap=der Iz s 8 A 1y T 0205 (88 A 31000

2727
Az =2e11s 33 artima Y2l 338 thmg Y1330 34ug (D)
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where
ca =c1(1 — A —wv3e)(A + 2 + v3e)
c3 = %(A — 3+ v3€)(A — 1+ v3€) (A + v3€e) (A + 2 + v3e) . (D.6)

Matching with our answers obtained by solving conformal Ward identities in spinor-helicity
variables (C.14) we obtain the following identity for triple-K integrals we have verified to
O(1) in the regulator:

445 + (k1 — ko)? = k3] [242 + A1 ((kr — k2)? = K3)| = 16¢1K7 k3 Iy iia

3 .
PRPR §+’U36}

(D.7)

E Higher-spin momentum space correlators

In this section we summarise the momentum space expression for the parity-even and
parity-odd homogeneous parts of higher spin correlators using the results of section 4, see
also appendix D of [51].

For (JsJs02) we have

—

1 . - L s
(JsJ5s02)evenn = (k1ka2)* ™" [Eg {2(21 “k2)(Z2 - k1) + E(E — 2k3)z1 - 22}}

1
(JsJsO02)0dd,n = (k1k2)® 1E2s

- - s—1
x [2(21- F2) (% - Fr) + B(E — 2k3)51 - 5 (E.1)
while for (J5J503) we get
<JSJSO3>even,h = (klkZ)S_l(E + (25 - 1)k3)

[kQ eklzlzg _ kl 6k23122:|

1 > TNz 1. L. s
X [Ez {2(21 ko) (Zy - k1) + E(E — 2k3)7Z; - Zz}]

s—1 (E + (28 - 1)k3)
E2s
- — s—1

x (2021 Fo) (2 - Fr) + B(E — 2ks)21 - 2] (E.2)

<JstO3>odd,h _ (klkZ) [k2 6l€1z1z2 — K 6k’22122:|

The homogeneous part of the J; 3-point correlator is
<J3Jst>even,h = (klek?))S_l
1 S T i s
X |:E'3{2 (21 : kQ) (22 . k3) (23 : kl) + E{kg (21 . ZQ) (2’3 . kl) + CyChC}}:|
_ 1 7 — 212 Z1%
(oI Ts)odan = (kikoks) ™ — [{(kl ) (il — )

+ (Eg . 52) <€7€1z1z3k2 _ 6k221z3k1) _ (—*2 . 23)6k1k221E

2
-l-?leZlZQZSE(E - 2k1)} + cyclic perm}
1 . . . . s—1
x [EB{Q (B Fo) (B Fis) (B3 - )+ By (51 - 52) (B3 - ) + cycnc}}}
(E3)
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whereas for (JasJsJs) we have

k%s—l(ka?))s—l

(JosJsJs)odd n = Tis
X {((k?g . ZQ)(kQ . Zl) _ %E(E _ 2k?3)(Z1 . 22)> (k1€z123k3 _ k36z1z3k1>]
X K(ks ~22) (kg - 21) — %E(E = 2k3) (21 - Z?))
1 s—1
X ((kl . Zg)(kg . Zl) — §E(E — 2k2)(21 . Zg)) :|
(J2sdsds)evenn = W K(k‘g - 29) (k2 - 21) — %E(E — 2ks3)(2 - z2)>

X ((]{71 . Zg)(kg . 21) — %E(E — 2k2)(z1 . Z3)> ]S . (E4)

F  Weight-shifting operators
We need the following spin and dimension raising operators [11, 12, 50],
Hyp =2 (21 - Kioz9 - Ko — 221 - 22W1_2_) ;

_ 1 B 0 KoLK,
Dz = -5 [6(2122K12)<A1 —d—ki- ) + =22 ¢(k12122)
2 0k 2

+ €e(k1K521) <22 : 66)]{:2) + e(k122K715) (21 : a(z»lﬂ (F.1)

where expressions for Kip, W,  can be found in the above mentioned references. The
following sequence of operators reproduces (T'JJ)odd

(T (k)T (k2)J (3))oaa = P2 PV P Hi3D1o (01 (k)02 (ko) Oa(ks)) + (2 5 3)  (F.2)

(s)

where P, is a spin—s projector. The explicit momentum space expression for the corre-

lator is given by

<TJJ>Odd = [AlekleZl (kQ . 21)(k3 . ZQ)(kl : 2’3) + AQlekQZl (2’2 . Zg)(kg . Z1)
+ Ageklzlzz (kig . Zl)(kil . 23) + A4€k2zlz2(k‘2 . 21)(]{?1 . 23)
+ A56k1’z122(2’1 . 23) + A66k2zlz2(21 . 23)

+ AgerR (21 - 20) (ky - 25) + Age™ 2% (hy - 21)| + (2 3)

where the form factors are given by

5k? 4 4k (ko + k3) 4 (ko + k3)?
k%(kl + ko + k3)4
k1 + ko + 3ks3
Ay =41 172 T
27 M + ko + k)3

A =12

~ 54 —



15]6% + 13/4:%(,1{:2 + k3) + 9k1 (ke + k3)2 + 3(ko + k3)3
ki (k1 + ko + k3)?

k1 + ko + 3k3

(k}l + ko + k3)3

—3]?11 + 2k’%(5]€2 — 3k3) + 4]6%]{2(2]?2 — kg) + le(kg — k3)2(k‘2 + kg) + 3(]€% — k‘%)z
Qk%(kl + ko + kg)z

ka(k1 + ko + 2k3
(kl + ko + k3)2
—3k} — 3(kg — 3k3) (ko + k3)? + k?(—9ko + 23k3) — k1 (k3 — 2koks — 3k3))
k3 (k1 + ko + k3)3
_23k% + 2k (kg + k3) + (ko + k3)? .
(k1 + ko + k3)2

(F.4)

Although this expression looks very different from the expression obtained earlier in (4.50),

they

are actually the same up to some Schouten identities. This can easily be seen by

converting both of them to spinor-helicity variables where they match exactly.
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